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)arative study of programs for solving nonlinear equations

Bus

\CT

‘n this report we propose a method for comparing the efficiency and
yility of programs for solving systems of nonlinear equations. We use
lethod for comparing a great number of existing programs. The results
:se comparisons are given in such a way that it is easy for the user
:ide which program he should choose for solving a given system of

lear equations.

JRDS AND PHRASES: Systems of nonlinear equations, comparison of ef-

fieiency and reliability of programs.
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INTRODUCTION

In recent years, the testing of numerical software becomes more and
more important. There are several reasons for this development. One is the
creation of large user libraries of numerical programs (IMSL [32], NAG [38],
NUMAL [39] etc.), where the need for choosing the programs to be included,
makes testing very urgent. Another reason is the confusing variety of pro-
grams in some fields of numerical mathematics, which makes it impossible for
the unsophisticated user of numerical software to choose the right program
for solving his problem. A lot of papers are devoted to the testing of soft-
ware (HAGUE et al.[29], HILLSTRaM [30], LOOTSMA [34], EINARSSON [23], HULL
[31] etc.). However, many of the ideas suggested in the various papers are
controversial or contradict each other. Therefore, we want to point out
clearly the purposes of this report. In our opinion, the process of select-
ing useful numerical software consists of three stages:

- analysis of the theoretical properties of the underlying algorithms;
- analysis of the practical performance of the algorithms;
- analysis of programs,

We will elucidate these three stages.

1. Analysis of theoretical properties
The algorithms should have a sound mathematical basis. It should be

clear on what conditions convergence is guaranteed.

2. Analysis of practical performance
We are interested in two desirable properties.

a. The work that has to be done to solve a problem. We say that an algorithm
is more effZcient than another for solving a problem, when the work that
has to be done for solving this problem with this algorithm is less than
for solving with the other algorithm.

b. The capability of an algorithm to compute accurate answers to severe
problems or to compute answers at all to such problems. This is called
reliability or robustness.

One should realize that the most efficient algorithm for solving rela-
tively easy problems may frequently fail in solving severe problems. More-

>ver, an algorithm that is capable of solving severe problems will usually




t be efficient for solving easy problems. For instance, evaluating a func-
on for all representable numbers on a computer is clearly a robust method
r finding a solution of an equation in one variable, however, using inter-
lation will be far more efficient in most cases but may fail sometimes.

In most practical cases, the user does not know in advance whether his
oblem is relatively easy to solve. Hence, he wants to choose the algorithm
at has both the highest probability that it solves his problem and is the
st efficient algorithm for solving it. However, the arguments above indi-
te that these wishes are rather contradictory in most cases. Hence, the
er has to choose the appropriate algorithm by a method of trial and error.
e goal of this report is to tell him which algorithm is the best to try
rst and which one when the first is failing and so on.

In performing an analysis of the relative efficiency and reliability

some algorithm one should have some measure for these properties. For

ny non—-iterative algorithms it is easy to count the number of basic arith-
tical operations (+,-,%,/) and the number of evaluations of the functions
volved, if there are any. This gives a very practical measure of the ef-
ciency of such algorithms. Furthermore, a theoretical analysis of non-iter-
ive algorithms will usually give enough information about the reliability.
wever, for iterative algorithms these problems are far more complicated.
though it is possible to count the number of arithmetical operations as

11 as the number of function evaluations performed at each iteration step,
ovided that there are no iterative subprocesses, we do not know the num~

r of iteration steps needed to obtain a certain result. Therefore, we

ve to make programs which implement the iterative algorithms in order to
able to get this number for a representative set of testproblems. Clear-
, the reliability of the algorithm is measured by just counting the num-

r of failures while solving the problems of the given set. By measuring

2 efficiency, however, we feel that we should not take into account the
ilures of an algorithm, since we know that it may fail in solving rela-
vely difficult problems. Therefore, it is necessary to create a set of
latively easy testproblems in a sense that should be specified clearly.

is set should be used for comparing the efficiency of all algorithms. Ob-
ously, the notions efficiency and reliability as used in this report are

’endent on the sets of testproblems chosen. Selection of these sets should




be based on thorough theoretical and practical arguments. We tried to do
so, but we do realize that it is still far from being ideal.

Finally, we want to emphasize that a measure for the efficiency of an
algorithm should be as independent as possible of the environment in which
the algorithm is used. Therefore, computation time is a very bad measure,
since it depends on the running system of the computer (usually swapping
time is added to normal computation time), on the hardware (the ratio of
the time needed for addition and for multiplication varies from one computer
to another), on the compiler used (see PARLETT & WANG [42]) and on many

other things which are difficult to define precisely.

3. Analysis of programs
Examples of properties that the program should satisfy are:

a, the program should be well-structured (built up from independent modules),
so that error detection becomes easy;

b. stopping criteria should be such that the required results can be guar-
anteed (if at all possible); some kind of error messages should be given
when the algorithm breaks down;

c. machine-dependent quantities should be avoided if at all possible, other-
wise they should be defined explicitly and the computation should be such

that under- and overflow is avoided.

In this report we will be concerned with the first two stages with re-
spect to the problem of solving systems of nonlinear equations, although
the first stage is mainly restricted to giving relevant literature.

In section 1 the problem is defined. In section 2 some theoretical
background is given. Particularly, Newton-like algorithms are briefly dis-
cussed. In section 3 we describe the methods known and mention relevant lit-
erature about convergence and stability. In section 4 we list the programs
wvhich are chosen for testing. We did only choose those programs of which
an implementation in ALGOL 60 or FORTRAN is readily available from the lit-
erature., We did not implement algorithms by ourselves since one of our pur-
poses is to present the unsophisticated user a guide for choosing an exist—
ing program for solving his problems.

In section 5 we define the testproblems and we propose a classification

>f these problems. In section 6 we summarize the results of section ! to 5




some rules of thumb for the user. We give him the tools which should en-
le him to classify his problem. The main part of this report, at least
antitatively, consists of section 7 where the numerical experiments are
scribed and where the results are given in tables and diagrams., In sec-
on 8 conclusions about the efficiency and reliability of the various pro-
ams are given. Here we give the user the information that is necessary to
ke a reasonable decision about which program he should choose for his prob-
m.

Finally, the unsophisticated user is advised to examine his problem in

e way that is advised in section 6, subsequently, to choose the program

th the help of the conclusions given in section 8, and finally, to read
e description of the program given in section 4 and to perform the modi-
cations proposed there. Doing so, he will not be involved with theoreti-

1 considerations and yet he will take advantage of the results of this re-

rt as much as possible.

STATEMENT OF THE PROBLEM

We consider the problem of solving a system of nonlinear equations.
t F denote an n-dimensional continuous (nonlinear) function of n variables,

fined on some region D ¢ R":
.1) F: D c R > R",

en we want to compute some vector z ¢ D, such that

n

.2) F(z) =0 ¢ R,

numerical analysis, a wide variety of problems may be formulated in such
way that the solution of a system of nonlinear equations is required for
lving these problems. For instance, solving a two point boundary value

oblem

u" = f(t,u), 0<st<s<l,
u(0) = a, u(l) = 8,

th a finite difference or finite element method gives rise to a system of




lear equations if f(t,u) is nonlinear in u. Other problems, for which
\|g may require the solution of a system of nonlinear equations are

ic boundary value problems, integral equations or two-dimensional var-
al problems (see ORTEGA & RHEINBOLDT [401]).

lgorithms for solving nonlinear problems are usually iterative. I.e.,

any initial approximation x, to z, the algorithm generates a series

0

(e
roximations {xi}i_ to z, such that

1

lim x. = z,
iso T

very obvious that the choice of the initial guess may highly affect

mvergence of the sequence {Xi} to the solution vector z., Therefore,

‘e a more precise definition of the problem considered

given F: D ¢ R" > R" and x_ D;

0
calculate z € D, such that F(z) = 0.

ote this problem by

[F(x) = 0; x.; DI.

05

S report we compare programs for solving problem (1.3).

4

ORETICAL BACKGROUND

‘eneral theoretical considerations

n iterative m-step method which uses the function and its first deri-

. for solving problem (1.3) may generally be defined by:

given xo,...,x -1°

calculate for k = m~l,m,m+1,...

) T T e K PO F O )5 IG5 TGy

J(x) is the so-called Jacobian matrix of partial derivatives. Speci-




c examples are

X - [J(Xk)]—lF(xk) (Newton's method),

|
-
~

o
~
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-1.2) S
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.1.3) Xee] = X, " [M(xk)J F(xk),

|
<
~

7
N~

]

ere M(xk) will usually be some approximation to J(xk). Most methods con-
dered in this report, including Newton's method, can be given in the form
.1.3). Therefore, we will pay some special attention to these so—called
wton—like methods.

A theoretical analysis of Newton's method, which is based on the New-
n-Kantorovich theorem can be found in the literature (e.g. ORTEGA & RHEIN-
LDT [40], COLLATZ [16], RALL [45]). For this method, one can prove that

e error in ¢(x) as an approximation to the solution z satisfies:
2
.1.4) Te(x)-zl < S(x,z)lx-zl",

ere S(x,z) depends on H[J(x)]_lﬂ and the norm of the second derivative of
e function in some region containing x and z (COLLATZ [16], BUS [14]).
nce, provided S(x,z) is bounded (i.e. J(x) is nonsingular and the second
rivative is bounded) the asymptotic order of convergence of Newton's meth-
is quadratic.

However, the use of iteration formula (2.1.3) leads to the more compli-

ted bound for the error in Y(x):

1.5 Dy -zl < c](x)H[J(x)]_lHﬂx—zH .

B+ Dsex,z)lx-z12,

+ (cl(X)U[J(x)]_
ere cl(x) is a measure for the error in M(x) as an approximation to J(x)
US [14]1). It is obvious from (2.1.5) that superlinear convergence of the

thod given by (2.1.3) can only be guaranteed if
.1.6) CI(X) = 0(lx-zl), for x » z,

r somewhat different treatments of the convergence analysis of methods
given by (2.1.3) we refer to ORTEGA & RHEINBOLDT [40] or BOGGS & DENNIS
1.




umerical aspects

lsing a method as given by (2.1.3) on a computer, we are confronted

wo kinds of problems due to the finite word length of a computer. The

one is that in computing M(xk) as an approximation to J(xk), the best

| obtain anyhow is a relative error which is about the same as the pre-
. of arithmetic. Hence (2.1.6) cannot be satisfied. The second problem

» stability of the method for solving the linear system in each itera-

itep. Using gaussian elimination for solving a linear system
Ax = b
:ain an upper bound for the relative error in the solution

) %%ﬁl < k(A)Re = ¢

€ is the precision of arithmetic, «(A) = HA"HA—IH is the condition

- of the matrix A and R is some constant, mainly depending on the or-
' the system and specific details of the method used (WILKINSON [49]).
assumed that k(A) << 1/e.

.et V(x) be the value obtained by evaluating the right hand side of

}) with precision of arithmetic e. Then, we obtain for the error in

s an approximation to z (BUS [14]):

Y 13-zl < elxl + L) Ix-zI + Q) lx-212,
D L) = B + (1 + BE))e)ITIG) I,
b Q(x) = (1 + L(x))S(x,2),

1) B(x) = (I+e)a(x) + €,

ind S(x,z) are given by (2.2.1), with A replaced by J(x), and (2.1.3%),
:tively, and c(x) is a measure for the error in M(x) as a numerical
timation to J(x).

lence, using a method defined by (2.1.3) for solving problem (1.3),




can not expect to obtain a numerical solution in a relative precision

ich is higher than the precision of arithmetic. Furthermore, convergence
all depends on the value of

X,z), the convergence factor of the exact Newton method, which depends ¢

the problem,

x) , a measure of the error in M(x) as a numerical approximation to J(z
which depends on the method as well as on the problem,

, which reflects the condition number of the linear subproblem and
depends on the problem as well as on the method used for solving
the linear system.

yhow,
.2.6) r(x) = L(x) + Q(x)lIx-zl,

r X in some region U, containing the solution, is the critical number

ich reflects whether a problem is easily solvable by a given method.

rx) <1, for x e U

en convergence is assured for each starting point in U. Since almost all
thods given in this report may be described by (2.1.3), we will use in

ction 5.2 the quantity

.2.7) I = sup I'(x),
xeU
ere
:2.8) U= {x}uixe R" | Ix-zl < r(x)},
r(x) = elxl + l¢(x)-zll + L(x)l¢(x)-xI,

r selecting problems which are easy or difficult to solve (see also BUS
41).
3. The influence of scaling

It is well known that scaling of the variables may influence the be-

viour of a method for solving problem (1.3).




Suppose problem (1.3) is given and we intro

by
X = Dx,

(2.3.1)

where D is some diagonal matrix with positive no

di (i=1,...,n). Then we obtain for the Jacobian

1&)=L FE) = 3!

4
dx

and for the tensor of partial second derivatives

_ _ 3F ; (x)
H(x) = (Hijk(x)) = (5§E§§;9;
- 1
B @) = gra By ™)

jk
Hence,B(x),c(x),"[J(x)]_l“ and S(x,z) are all c
fore the number I may well be reduced. However,

statement for a specific problem. In practice, 1
variables such that they all have about the same
reason for scaling in such a way may be that one

in about the same relative precision (see sectio

2.4, The choice of stopping criteria

Since the methods used for finding the solu
linear equations are iterative, we have to find

For these methods, the most commonly used criter

. Ix - I < Ix 1

(2.4.1) X, xk_] < t0 xk + tlg

(2.4.2) HF(xk)H < t2’

where t t, are tolerance values which shou

0’ f1° B2
These criteria can be applied since these quanti
ation step. In all methods discussed in this rep

new iterate is done by some kind of linear appro

and the error in such an approximation is highly

9

lew variables x defined

diagonal elements

r
1S

by scaling and there-
hard to prove such a
s best to scale the
- of magnitude. Another

to have all variables

f a system of non-

topping criteria.

given by the user.
re known in each iter-
he calculation of a
on of the function

dent on the second




)

rivative of the function. When we take a Newton-like method as an example,

see from (2.2.2) that

Iy (x, )=zl
k <
“xk-z“ "xk-z

.4.3) T Izl + r(x).
nce, if the right hand side is nearly equal to 1 then the step length may
tisfy (2.4.1) while the error in E(xk) as an approximation to z may be al-
st arbitrarily large. We see from (2.2.3) and (2.2.4) that I'(x) may be
arly equal to 1, without “xk-z" being small, when "[J(x)]—lﬂ and/or the
rm of the second derivative is large relative to 1. Therefore, it is de-
rable to use both criteria (2.4.1) and (2.4.2) in an algorithm for solving
nlinear systems, although one should realize that this is also not enough
guarantee the required precision. In order to be sure, it is necessary
know more about the behaviour of the function considered.
Finally, we should point out that scaling of the variables in such a
y that each variable has about the same order of magnitude, is desirable
en the usual norms are used (e.g. the euclidean or maximum-norm) in (2.4.1)
d (2.4.2) and when one wants to obtain the variables in about the same

ecision.

DESCRIPTION OF METHODS KNOWN

1. Newton's method and some of its modifications

The most commonly known method for solving nonlinear equations using
alytical derivatives of the function is Newton's method (also called the
thod of Newton-Raphson). This method is defined by (2.1.2). However, in
is form, it has the disadvantage that the user has to supply analytical
pressions for the elements of the Jacobian matrix. This may be very dif-
cult or even impossible. To remove this difficulty one can approximate
e elements of the Jacobian matrix with difference formulas. Methods ob-
ined in this way are sometimes called discretized Newton methods and they
e included in the class of Newton-like methods which are defined by (2.1.3).
wever, the approximation of the Jacobian matrix with difference formulas
quires, even in its simplest form, at least n extra function evaluations

. denotes the number of variables). This appears to be inefficient, as




will be shown from the experimental
discretized Newton methods is that t
step size used. In fact, this step s
that the truncation error and the er
digits by subtracting two almost equ
of magnitude. However, the truncatio
ond derivative tensor which is usual
A second disadvantage of Newton
all Newton-like methods, is the poss
Jacobian matrix is (nearly) singular
for avoiding an unstable behaviour w
This is by using step size control.

tion is then defined by

1

(3.1.1)  $(x) = x - w(x)[I(x)] F(

where the scalar w(x) determines the

stance, such that the method is norm

(3.1.2) IF@x))I < IFx).

A strategy which can also deal with
ally given by LEVENBERG [33] and MAR

(3.1.3) b(x) = x - [J(x) + A(x)JT

vhere A (x) =2 0 is chosen such that J
such that (3.1.2) is satisfied,

A very elegant method for avoid
natrix is the use of the Moore-Penro

is defined by
(3.1.4)  #(x) = x - [Ix)TF(x),

+ .
where A denotes the pseudo-inverse
One should note that for all th

system is needed or even the calcula

11

S. A second disadvantage of using
‘e sometimes very sensitive to the
ould be balanced in such a way

e to cancellation of significant
ction values have the same order
r depends on the norm of the sec-

available.

hod, which is in fact shared with
y of divergence in cases that the

ome x, . There is a simple strategy

Xk
e Jacobian is only nearly singular.

d of formula (2.1.2) the itera-

length and is chosen, for in-

ing in the sense that:

ar Jacobian matrices was origin-

[35]. It can be defined by:
F(x),

AJT(X) is nonsingular and mostly

e problems of a singular Jacobian

udo-inverse., Here the iteration

matrix A,
thods, the solution of a linear

f the pseudo—~inverse. Since the




ober of arithmetical operations needed for such calculations is of order
:ubed, it may be inefficient for large n.

In order to give a theoretical analysis of the given methods, one
uld realize that they are d4ll Newton-like methods, even the one given b
.1.4) if the Jacobian matrix is assumed to be nonsingular. Therefore, th
:ory in section 2 can be applied. For a detailed analysis see BOGGS &

WNIS [1], BUS [14] or ORTEGA & RHEINBOLDT [40].

). Generalized secant and related methods

The secant method for solving the equation
f(t) =0e¢ R, t e R,

lch can be defined by

f e - EC ) (-t ) ’
k+1 k f(tk) - f(tk_])

1 be extended to n dimensions. Then we calculate the next iterate as the
:ersection of n hyperplanes which interpolate F(x) at given points in a
.ghbourhood of x (see ORTEGA & RHEINBOLDT [401]).

This method can be formulated as a Newton—-like method in the followin

let x, x],...,xn be given;
1 n
2.1) H=[X"X ,...5X=X ]
be the matrix with columns x - xl, i=1,...,n; then
-1
2.2) y(x) = x - [M(x,H)] Fx),
where

2.3)  M(x,H) = [F(x+He ) - F(x),...,F(x+He ) - F(x)TH !

is an approximation to J(x). (Here e, denotes the i-th unit-

vector.)
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Obviously, this method requires the solution of a linear system in every
iteration step. In order to avoid this we can use [M(x,H)]—l, or rather the
triangularized form of M(x,H), in a certain number of subsequent iteration
steps. Such a modified generalized secant method can be defined by the super-
iteration (SCHWETLICK [471]):

let x,xl,...,xn be given,
let moreover H and M(x,H) be defined by (3.2.1) and (3.2.3)
respectively
then
set v(o)(x) = X

for k = 0,1,...,u compute

1

G3.2.4)  vE DGy = v Oy - om0 ® @)

(3.2.5) d(x) = v(u+')(x),

where u is some fixed value which should depend on the order of

convergence of the iteration.

We call this a super-iteration, since u + | modified iteration steps are
taken together asone step. Another useful modification of the generalized
secant method is proposed by GRAGG & STEWART [28]. In their method the or-
thogonal decomposition of the subsequent matrices M(x,H) is used. The ad-
7antage is that, once this orthogonal decomposition is calculated, which
requires 0(n3) arithmetical operations, only O(nz) arithmetical operations
are required to obtain the orthogonal decomposition of the matrix used in
the next step.

With the formulations (3.2.2) and (3.2.5) we may agein use the analy-
sis of Newton-like method to obtain results about the convergence behaviour.
lowever, the error in M(x,H) as an approximation to J(x) (in (3.2.2)) or
I(v(k)(x)) (in (3.2.5)) is the most important problem here (note that H is
singular when x],...,xn are linearly dependent). For further results about
che stability and convergence of these methods, see GRAGG & STEWART [28],
JRTEGA & RHEINBOLDT [40] and ROBINSON [46].




.3. Quasi-Newton methods

One of the most remarkable Newton-like algorithms is the so-called
1asi-Newton algorithm (DAVIDON [18], BROYDEN [7], [8], POWELL [44]).
1 this algorithm the Jacobian matrix or its inverse is approximated by a
atrix which is updated in each iteration step with the information gained

> far about the function. The algorithm can be defined by:

3.3.1) P(x) = x - Qx)F(x),

QY (x)) = Q(x) + U(x,v(x),F(x),F(¥(x)),Q(x))
c
3.3.2) W(x) = x - [P(x)1Fx),

P (x)) = P(x) + U(x,¥(x),F(x),F(Y(x)),P(x)).

1e updating of the matrices Q and P requires no additional function evalu-
tions. Clearly, the formulation given by (3.3.2) requires the solution of
linear system. So in this formulation the number of arithmetical opera-
ions needed per iteration step is proportional to n cubed. Therefore, at
sast from a theoretical point of view, formulation (3.3.1) is preferable
ince the number of arithmetical operations needed per iteration step is
aly proportional to n squared. We can use the same analysis as for Newton-
ike algorithms (see BUS [14]) to obtain results about the convergence be-
aviour of formulation (3.3.2) and in a slightly modified way also of for-
1lation (3.3.1). However, proving reasonable bounds for the errors in Q(x)
ad P(x) as approximations to [J(x)]—1 and J(x) respectively, appears to

2 a hard problem. An analysis of quasi-Newton methods is given by BROYDEN
)] and DENNIS & MORE [201,[211].

4. Methods of component-wise approximation

These methods can be defined by the following formula (see also ORTEGA
RHEINBOLDT [401):

paa) w3 = gDl @D @)y

K+1 #1270 kel ¥ o




15

where x, = (xél),...,xén))T e R® and g

(i)
k+1
is used as soon as it is available. The choice of 8; is usually based on ex-

(i)

: R > R for i = 1,...,n0.

Hence, a new approximation x to the j-th component of the solution vector

panding the function into a Taylor series at the point
(1) (i-1) _(i) (n)T

(xk"'l’...’xk"'l ’xk ”..’xk )

Examples of such methods are the Gauss-Seidel algorithm and successive over-

relaxation methods (see ORTEGA & RHEINBOLDT [40], section 7.4).

and neglecting second and higher order terms.

A remarkable algorithm which we will also incorporate in this class is
given by BROWN [2]. This method is based on expanding a component, say
F(i)(x), of the function F(x) = (F(l)(x)“..,F(n)(x))T into a Taylor series.
Neglecting second and higher order terms, we obtain a linear approximation
which is equated to zero and solved for one of the variables, x(j) say.
Subsequently, another function component is expanded into a Taylor series
as a function of the remaining n - 1 variables (x(j) is substituted) and
equated to zero again. After n such steps we obtain a new approximation to
the solution vector. For a detailed description see BROWN [2]. He also gives
theoretical justifications for his method and some results about the con-
vergence behaviour. For further theoretical results about methods of compon-

ent-wise approximation see ORTEGA & RHEINBOLDT [40].

3.5. Continuation methods

The continuation methods (DAVIDENKO [17], BROYDEN [8], MEYER [36] and
ORTEGA & RHEINBOLDT [40]) have a rather special place among the methods for
solving systems of nonlinear equations, because, in fact, the problem is
transformed into a sequence of problems of the form (1.3) which might be
easier to solve than the original problem. Let the problem [F(x) = O;xO;D]
(cf. (1.4)) be given. Then this problem is replaced by the sequence of

problems

(3.5.1) P : [G(x,ek) = 0:z

" D], k=1,...,m,

k-1?

where zy = % and 2, is a solution of Pk’ k =1,...,m. Furthermore,

m

G(x,em) F(x)
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. of G(x,eo) should be easy to calculate. Examples of G are
MEYER [361)

)

,0,) = F(x) = (1-8,)F (x,)

k

0,) = (amx)(1-6)) + 8, F(x),

61 < ... < Om = 1, These methods are primarily designed to
ficulty of choosing a good initial guess. Hence, these methods
o be robust rather than efficient.

, we can use any method of the preceding sections for solving

S Pk’ k=1,...,m.

1 remarks

ce, it appears to be almost impossible to separate the algor-

g to the theoretical framework given in this section. Several

wn use mixtures of the methods described and quite often, the
entirely different from all others. For instance, the initial
to the inverse Jacobian used in quasi-Newton methods is usual-
th forward difference formulas and inversion. However, summing

ools used in the various algorithms is sufficient to make this
ensible.

ng the data that are required by the various algorithms, we

h two classes:

that use a Jacobian matrix whose elements are obtained by the

of analytical expressions supplied by the user;

that only require the programming of the function.

ase, the efficiency is dependent on the ratio between the
evaluate the function and the time needed to evaluate the

X. As will appear from our comparisons, the use of an algor-
ires analytical derivatives will not necessarily be more ef-

sing an algorithm that requires only function evaluations.
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4. SELECTED PROGRAMS

4,1, Introductory remarks

The goal of this report is to test those programs for solving systems

of nonlinear equations that are available as computer programs in ALGOL 60
or FORTRAN from the literature or well-known software libraries. The sources
from which the programs are selected are:
1. Collected Algorithms from CACM,
. Computer Journal,
. Computing,
. Mathematical Science Library [37],
. NUMAL, [39],
. Some specific papers as are given by BROWN [2], GRAGG & STEWART [29] and

POWELL [44].

AN B~ WN

It should be pointed out here that we did not test programs for minimizing
sums of squares of nonlinear functions which can also be used for solving
systems of nonlinear equations. In our opinion this should be the scope of
a separate test report. Furthermore, we will not consider programs that
implement continuation methods. In fact, the program used for solving the
subproblems that arise in these methods should be selected on the basis of
this test report, while the choice of G(x,6) and the stepsize (cf. section
3.5) is outside the scope of this report. Therefore, one of the programs
(nonlinb) given by BROYDEN [8] is omitted.

For two reasons we distinguish between programs written in ALGOL 60
and in FORTRAN. Firstly, since arithmetical operations and elementary func-
tions deliver different results in different languages, a problem defined
in ALGOL 60 differs from the mathematical analogue in FORTRAN. Therefore
the tests are not quite comparable. Secondly, we like to give the user a
possibility to overview the field of programs which are available in the
programming language he uses.

The source texts of the programs are given in the appendix. In this

report we will denote the programs to be tested by capitals.




.. Programs written in ALGOL 60

IGRAM A

s program, written by Kok (see also NUMAL [39], section 5.1) is based
Newton's algorithm (see section 3.1). We supplied analytical deriva-
‘es. No step size control is performed. There are no method dependent
itrol parameters in this program. In each iteration step one evaluation
the function, one evaluation of the Jacobian matrix and the solution

a linear system have to be performed.

IGRAM B

s program, written by Kok, is based on Newton's algorithm with step siz
itrol (cf. (3.1.1)). We supplied analytical derivatives. In this algor-

m, w(x) is chosen by successively trying the values Z_k for k = 0,1,2,.
,u-1, where the upper bound u should be supplied by the user. In fact,

) = Z_r, where r = 0 if

A

IF(x-s)lIl < IF(x)l
lerwise, r is the minimum of u and the smallest value of k such that

IF(x-2"%s)I < IF(x)l

1Ir(x-2"% D)1 > 1rx-2"%s)l,

1 . e s
F(x). In this program an error exit is incorporated when

re s = [J(x)1
t subsequent iteration steps the value of w(x) is chosen to be 27", The
ue of the integer t should also be given by the user. We chose u and t

1 [6] and Zn [7] in the program given in the appendix) as follows:
u=15, t =1,

other method dependent control parameters have to be set by the user.
In each iteration step one evaluation of the Jacobian matrix and the

ution of a linear system have to be performed. The number of function

1luations in an iteration step depends on the value of r in that step.

r = 0, then one evaluation of the function is performed, otherwise
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. evaluations of the function are performed.

\AM C

program is the same as program A, except for the evaluation of the
ian matrix, which is done by approximating it with forward difference
llas with step size equal to 10741 + 10_4, where x denotes the ar-
it vector. There is no difference in the source texts of the programs
l C since the user has to program the evaluation of the Jacobian

X. In each iteration step n + | evaluations of the function and the

:ion of a linear system have to be performed.

\AM D

program is the same as program B, except for the evaluation of the
vian matrix, which is done by approximating it with forward difference

4. As for the programs A

tlas with step size equal to 10_4ﬂxﬂ + 10
. there is no difference between the source texts of the programs B

'. In each iteration step a linear system has to be solved. The number
nction evaluations in a certain iteration step depends on the value
(see program B). If r = 0 then n + | otherwise r + n + 2 evaluations

e function have to be performed.

AM E
‘ewton—like algorithm as given by PANKIEWICZ [41]. This algorithm is

ame as algorithm C except for the choice of the step size, used to
ximate the Jacobian matrix with forward differences. In fact, this
size should be given initially by the user and it is multiplied by
n every step. Since choosing the step size too small may cause
1larity of the approximation to the Jacobian matrix, we followed the
e of PANKIEWICZ [41] to use the given procedure repeatedly.
required, we incorporated a procedure for solving linear systems.
iermore we changed some minor details concerning error exits such

it became more convenient for our test programs.




ROGRAM F

1is is a program given by SCHWETLICK [47], which is based on the modifie
sneralized secant algorithm given by (3.2.5). In order to be able to

2al with zero vectors, we incorporated in our program stopping criterior

2.4.2) and replaced the statements:

g:= ylk] x eps

ad
if abs(#) > abs(eps) x abs(g)
y
g:= ylk] x eps + eps x eps
ad

if abs(Z) > abs(epsxg) + abs(eps)

2 chose eps = 0.0001. This value is used as a step length to obtain the
atrices H and M(x,H), (in fact xi is chosen to be x + eps X el, where

L denotes the i-th unit vector). Furthermore the value of pivot 1is

-14)

r0osen equal to the precision of computation (& 10 This value is
sed to check whether or not the matrix H (cf.(3.2.1)) is singular.
n each (super-) iteration step of this algorithm the solution of a
inear system is required and at least n + 1 (cf.(3.2.5)) evaluations

f the function have to be performed.

ROGRAM G

his program, given by DULLEY & PITTEWAY [22], is based on the generalize
ecant algorithm (formula (3.2.2)). As is required, we incorporate é
rocedure for solving linear equations (Bus, NUMAL [37], section
.1.1.1.1.1.3). The value of the control parameter Znitstep, which is
sed as a step length in the same way as eps is used in program F, is

hosen equal to 0.000I.
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ich iteration step of this algorithm the solution of a linear system

:quired and one evaluation of the function is required.

isted two versions:

:am _Ga: the program given by DULLEY & PITTEWAY [22] with the minor
changes described above;

‘am _Gb: the same program but with the change incorporated, which is

proposed by VANDERGRAFT & MESTENYI [48].

AM H

program is given by BROYDEN [8] (procedure nonlina) and is based on
luasi-Newton algorithm defined by (3.3.1). Initially, an approximation
le inverse Jacobian matrix is obtained by using the updating formula
fixed steps along the coordinate axis. We like to point out here that

requires 3n3

multiplications, while normal inversion of a forward
:rence approximation to the Jacobian matrix would only require n3
plications (neglecting lower order terms). So it seems to be rather
‘icient to use the method in the form proposed by Broyden.

le source text that we used, we chose the step size in the initializing
: relative to the value of the arguments:

-6 + . —10

L=y 1% 40 10

ied a version which is converted for use with the software library

. [39].

* the rather expensive initializing phase the number of arithmetical
.tions per iteration step is only proportional to n squared.

ermore n + | evaluations of the function have to be performed in the

alizing phase and one in each iteration step.

AM T

program is based on the method of component-wise approximation given
OWN [2] (see also section 3.4). The source text that we use is al-

- adapted to our-software library NUMAL [39]. Apart from some details,
as adding absolute tolerances where only relative tolerances were

it is equivalent to the source text given by BROWN [2].




this program, difference approximations to the elements of the Jacobia
itrix are made with a step size equal to 0.001. Furthermore, instead of
pplying some procedure for calculating the vector function F(x), one
ould supply a procedure that calculates the i-th component of this vec-
r F(x), for given i (1<i<n).
rthermore it is advised to define the function in such a way that its
near components come first.

e number of multiplications needed per iterative step is 0.25 n4, where
wer order terms are neglected, and the number of function-component
aluations equals (n2+3n)/2 in each step. For a more up to date im-—

ementation of this method see program O.

3. Programs written in FORTRAN

OGRAM J

is is the program, based on Newton's method, which is available in the
L [37] software library as routine NEWI. The Jacobian matrix is approxi-
ted with forward difference formulas and there is a possibility of inco
rating step size control. The step size control is done in terms of a
action of the norm of the current solution vector. In fact, the step

ctor is multiplied repeatedly with the factor
min(E/(SZ/(Sl+0.00l))%, 1)

til (3.1.2) is satisfied. Here S2 denotes the norm of the current solu-
on vector squared, Sl is the norm of the step vector squared and E is

e so—called maximum fractional change allowed. When E is chosen large
ough, no step size control is done.

was suggested in the manual, we changed the statement

RATIO

SQRT(S2/S1)

RATIO = SQRT(S2/(S1+0.001)),

order to be able to deal with the zero vector as initial guess.
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ssted this program for two values of E:

ram Ja: E = 10100, so that no step size control can occur;

am Jb: E = 0.18, a value suggested in the manual, such that step

size control should work as well as possible.

joth programs the solution of a linear system is required in each
ition step. Furthermore, without step size control, n + | evaluations
1e function have to be performed in each iteration step, with step
control this number may be more.

jource text of this program is not given in the appendix since it is

‘ree for publication.

AM K
program is given by GRAGG & STEWART [28], and is based on the

ralized secant algorithm. The matrices appearing are kept as products
‘thogonal matrices (see section 3.2). We made two changes to the

e text as given by Gragg and Steéwart. The first one is on line 3000
ibroutine SSM which reads in our program : MCEPS = 1.E-14 since
>recision of computation on the computer used is about that value.
second one is the correction of a small programming error on line

of subroutine SSM which should read : OUTBND = NN + 3.

yrogram has the feature to deal directly with linear function compo-
;. We did not use this feature for the general tests.

1ser has to provide n + | starting guesses of the solution vector.

» in our problems only one initial guess is given we generate them

natically as follows:

(0) _
o T %
1)
x(g)== X + se(k) , k= 1,..., n.
2 X denotes the given initial guess, xﬂg) the k-th starting guess
:he program, e(k) the k=th unit-vector and s some fixed value. We do,

ict, consider two programs:
cam Ka: s = 0.5 ;

ram Kb: s = 0.001.




r both programs, Householder orthogonalisation of two n-th order matri-
s (see WILKINSON [50]) is necessary initially, which requires 8n3/3
ithmetical operations (neglecting lower order terms).The iteration

eps require only O(n2) arithmetical operations. The number of function
aluations needed per step may vary from 1 up to n. We do not give the
urce text that we used, since it is fully given by Gragg and Stewart,

art from the two small corrections mentioned above.

OGRAM L

is program, which is available in the MSL [37] software library is based
the generalized secant algorithm given in section 3.2 (formula (3.2.2)).
in program K, the user has to provide n + | starting guesses, which -are
osen according to formula (4.3.1) with s = 0.5.

. each iteration step the solution of one or two linear systems is re-

tired.(There is a recovery scheme in cases the matrix appears to be

ngular.) In each iteration only one evaluation of the function is per-—

yrmed. The source text of this program is not free for publication.

OGRAM M

is program, which is available in the MSL [37] software library is based
. the quasi-Newton algorithm defined by (3.3.2). In each iteration step
e solution of a linear system and one evaluation of the function has to

. performed. The source text is not available for publication.

\OGRAM N

\is program is given by POWELL [44] and is basically an implementation

' a quasi-Newton method as defined by (3.3.1). A version of this program
. also available in the NAG [38] software library. Here, this method

; combined with the steepest descent method for minimizing IF(x)l and

th Newton's method with forward difference approximations to the

icobian matrix. Initially, and in some iteration steps, the approximation
) the inverse Jacobian matrix is (re-)set by inverting the forward dif-
srence approximation to the Jacobian matrix. Hence, initially and in

yme iteration steps, the number of arithmetical operations is 0(n3) (ne-

lecting lower order terms). In all other steps it is proportional to n .
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umber of function evaluations needed in a particular step depends on
kind of step it is.

alue of the control parameter DMAX is chosen to be equal to 10.
controls the changes in the variables and is used in an error condi-
For the control parameter DSTEP we tested two values:

am Na: DSTEP = 107

am Nb: DSTEP ¢

®
2

10 " .

is used as a step size for the forward difference approximation, but
for controlling the updating of the approximation to the Jacobian ma-
We used the source text given by Powell except for the change of
)J092 where the call of subroutine MBOIB for solving a linear system
>laced by a call of the subroutine INVERS from the MSL [37] software
Y.

M 0

yrogram is obtained from the University Computer Center of the Uni-
'y of Minnesota and is based on the method of component-wise approxi-
1 of BROWN [4]. A FORTRAN-version of this algorithm which is the same
used is available in the IMSL [32] software library.

‘ogram has the same properties as program I. In the program the value

le step length to calculate the forward difference approximations to
8

®

ements of the Jacobian matrix has been given the value 10

‘ted the program for two different values for the step length:
4

m Ob: steplength 10_8°

m Oa: steplength 10

rmore we used an absolute tolerance value in the stopping criterion

er to be able to solve problems with the zero-vector as a solution.

eneral remarks about the programs selected.

Although it is desirable that both stopping criteria (2.4.1) and

!) are used in a program for solving systems of nonlinear equations,

: none of the programs given in this section meets these require-
In our opinion it is not too hard to incorporate these criteria.

ir, we did not do so for testing, partly to reduce the possibility

:ing errors, partly because different norms are induced by the




irious programs, so that they would not be equivalent after all.
Finally we give in table 4.1 the work that has to be done by
rious programs in the initializing phase, Ai say, as well as per
ition step, As say. In fact, we give the number of multiplications
\ the initializing phase and per iteration step. Since, these numb
11 usually depend on the number of Vgriables n, we denote Ai and
mctions of n and only give the highest order term.
wever, if the highest order term is of order n2, we neglect all.
'r program F, AS denotes the work per super—iteration and for prog

. assume that one linear system is solved per iteration step.

TABLE 4.1

Size of magnitude of Ai and AS relative to n

PROGRAM A, A
1 S

- I

1_3
- In

1.3
- a0

n sometimes n®

O Z2 B R GH @D QO = BH OO = >
w
=]
w
|

4
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LASSIFICATION OF PROBLEMS AND SELECTION OF TESTPROBLEMS

Classification of problems

We consider the class ¥ of all problems of the form (1.4). When we
ure the efficiency of a program for solving some problem from class V¥
ay distinguish the following three characteristics which influence .
efficiency.

he degree of difficulty for solving.

ne number of variables of the problem.

ne computational effort of an evaluation of the function, i.e. the
umber of basic arithmetical operations needed to evaluate the function.
re defining precisely these characteristics we like to point out why
first characteristic is important. It is obvious that it is desirable
210w in advance whether a problem is easily solvable or not. However,
legree of difficulty also depends on the method used and, in practice,
5 very hard, or even impossible, to measure it before solving the

lem. Hence, a classification according to this characteristic will,
sneral, not be very helpful to the user. However, it is extremely im-
ant for comparing the efficiency of the various programs. Since none
1e programs for solving nonlinear systems is such that it solves all
lems from class ¥ we have to take into account that the programs

2ad fail sometimes. Therefore we have to decide whether a failure is
o a difficultly solvable problem or to bad programming of the method.

1e problem appears to be difficultly solvable then it makes no sense
caw from this failure the conclusion that the program is inefficient,
chen all programs will appear to be inefficient. Clearly, we need a
(se definition of the notions easily solvable and difficultly solv-
Although several definitions are possible we choose one which is
l on the fact that all methods considered in this report can be de-
| as Newton-like methods in some way or another, and which appears to
ymvenient. In fact, we use as a model-method the Newton—-like method
iled by (2.1.3), where M(xk) is calculated with forward difference ap-
.mations. For this method we can compute an upper bound for the error
'x) as an approximation to J(x), by calculating the second derivative

1sing the mean value theorem. Hence, for this method we can calculate




1 upper bound for the number I' (cf.(2.2.7)) of a certain problem. (For
>re details and an example see BUS [14].) When this upper bound appears
> be less than 1, then, obviously, the problem is easy to solve by this
swton—-like method. However, we do not use this number 1 so rigorously,
acause we made a lot of choices and sometimes, crude estimates. There-—

>re, we end up with the definition:

IFINITION 5.1.1

problem is easily solvable when the number T', given by (2.2.7), for this
roblem and for Newton's method with forward difference approximations to
1e Jacobian matrix, has an order of magnitude about 1 or less.

therwise the problem is difficultly solvable.

We will denote the class of easily solvable and difficultly solvable
roblems with superscripts e and d respectively. So ¥ denotes the class
f easily solvable problems, Wd the class of difficultly solvable problems.

As far as classification according to the number of variables is
mcerned, we distinguish between small and large problems, where the
10ice of the bound, n = 15, is a matter of practical experience.

The last classification quantity is induced by the fact that for
>st. programs tested the number of basic arithmetical operations needed
> perform one iteration step is not neglectable relative to the number
f arithmetical operations needed to evaluate the function when the func-
lon is not too complicated. Therefore, neither the number of function-
raluations, nor the number of iteration steps is a good measure for the
ificiency of the programs. We should use a combination of these two
1antities, which depends on the expensiveness of the function. For small
coblems we use only a distinction between cheap and expensive functions
lere it is mainly a matter of feeling how to classify a certain problem.
>r large problems, however, we can relate this quantity to the number of
iriables n. When we express the number of arithmetical operations needed
) evaluate a function as a polynomial in n and we assume that anB is its

:ading term, where B is some integer, usually equal to 1,2,3 or 4 and

is some real, then we distinguish between:




very cheap problems : B=1,
cheap problems : B =2,
expensive problems : B =3,
very expensive problems : B > 4.

ning this with classification according to the size we obtain the

wing classification of problems in the class ¥& of easily solvabl

ems:
Wzl ¢ small (n<15), cheap and easily solvable problems;
sz : small (n<15), expensive and easily solvable problems;
Wzl : large (n>15), very cheap (B=1) and easily solvable proble
sz : large (n>15), cheap (B=2) and easily solvable problems;
WEB : large (n>15), expensive (B=3) and easily solvable problem
W§4 : large (n>15), very expensive (B24) and easily solvable

problems.

‘tain analogously for the subclass Wd of difficultly solvable prob

:lasses:
d d d d d d
v
wsl’ Yoos WQ]’ sz, WQS and WZ4'

efinition of testproblems

We have chosen a number of testfunctions known from literature.
of them are used with several initial guesses, since it depends
y on the choice of the initial guess, whether a problem is easily

ble or not.

(BROWN [3]).
n
Fi(x) = - (n+1) + X, + ‘Z xj, i=2,...,n;
3=1
n
FI(X) =-1+ 0 x..




nitial guess: xj = 0.5, i = I,...,n.
rder : n =2, 3, 5, 10, 15 and 25.
olutions I 1 (i =1,.0.,0);
for instance for n = 5, approximately:

x = (-0.579, -0.579, -0.579, -0.579, 8.

: All function components are linear except for the fi

(BROWN [3]).

2
() = xp - %,

o (%) = (x, - 2)% + (x, = 0.5% - 1.

nitial guess: 0. (0.1, 2)T,

1. (2, 0.57T,
2. (-1, 1.7,
3. (1, 0.99)T .

_]’

olutions  : (1.54634288, 1.39117631)°,
(1.06734609, 0.139227667)",

approximately.

(FREUDENSTEIN & ROTH [26], BROWN [3])

](x) = - 13 + X + ((—x2 + 5)x2 - 2)x2,

2(x) - 29 + X, + ((x2 + l)x2 - 14)x2.

nitial guess: - 0. (15, -Z)T,
1. (-5, 0)%,
2. (=5, 3",
3. (0, 2.26)7,

olution : (5, 4)T.

(CARNAHAN, LUTHER & WILKES [15], BROWN & CONTE [5])

?I(X)

?Z(X)

0.5 sin (xlxz) - x2/(4ﬂ) - XI/Z,

(1 = 1/(¢m)) (exp(Zx]) -e) + exz/n - 2ex,.




Initial guess: 0. (0.6, 3)Ts
. (0.4, 3)T.

Solutions : (0.5, W)T,
(0.2994487,2.836928)T, approximately,
(1.604571, -13.36290)", approximatels

(BROWN & CONTE [5])
2

Fl(x) = 3x1 + X, + 2x3 -3,

FZ(X) = —3x] + 5x2 + 2xlx3 -1,

F3(x) = 25x1x2 + 20x3 + 12.

Initial guess: (0, O, O)T.

Solutions  : (0.2900523, 0.6874306, -0.8492385)",

(1.1, -0.8, 055)T, approximately.

» (BROWN [3])
- W2 _
Fl(x) = X 2x2 + 1,
F,(x) = x, + 2x2 -3
2 1 2

Initial guess: 0. (0, I)T,
1. (-0.5, T,
2. (1, -0.5)T,
3. (1, -0.26)7T,
Solutions (1, 1)T,
(-1.402680, 1.483683)T, approximatel:

(POWELL [441)

Fl(x) = 10000x1x -1,

2
Fz(x) = exp(—xl) + exp(—xz) - 1.0001.
Initial guess: 0. (0, 17T,
1. (0’ -])T.
Solution : (1.098 -5, 9.106)", approximately.

k: This problem is badly scaled.




2.8 (POWELL [44])

Fl(x) X

Fz(x) = XX, 1.

Initial guess: 0. (-1, Z)T,
-1, -7,
2. (0.01, O)T.

Solution + (1, l)T.

2.9 (BROYDEN [8])

F](x) = 10(x2 - x%)
F2(x) =1 - X,

Initial guess: 0. (-1.2, l.())'I
Solution s (1, l)T.
2.10 (BROYDEN [8])
F](x) = 2(x1 -1) - 400x1(x2 -3
_ _ 2
FZ(X) = 200(x2 Xl)'
Initial guess: 0. (-1.2, 1.0)"
1. (-1, DT,
Solution (1, 1)T_
2.11 (POWELL [44])
Fl(x) = X5
2
Fz(x) = 10x1/(x1 + 0.1) + 2x2.
Initial guess: 0. (3, l)T,
. (0, nT,
2, (_1: I)T’
3. (-0.9, 0.24)
Solution : (0, O)T.




ELL [43])

- _ 3
= 2(x] + 10x2) + 40(x1 xa) s

- _ 3
= 20(x1 + 10x2) + 4(x2 2x3) s

_ _ _ _ 3
= 10(x5 = x,) - 8(x, = 2x4)7,
' 3
= —]O(x3 - xh) - 40(x1 - x4) .
.al guess: (3, -1, O, I)T.
ion : (0, 0, 0, 0)T.

: Jacobian matrix has only rank two at the solution.

ST & SEFOR [19])

6
z cot (Bix.), i=1,...,6,
j=1 !
j#i
: B] = 0.02249, 62 = 0.02166, 83 = 0.02083,
84 = 0.02000, 85 = 0.01918, 86 = 0.01835.
.al guess: x; = 75.0, i=1,...,6.
ion ¢+ (121.850, 114.161, 93.6488, 62.3186,

41,3219, 30.5027)T, approximately.

TCHER [24])

‘quad, a function defined by the ALGOL 60 program given by

4]
tn=2, 3, 4, 5, 6, 7 and 9.
al guess: X, = i/(n + 1), 1= 1,..0,n0.

‘easons of brevity we omit the solution vectors.

RI & MANCINO [27])

Bax, + (1 - 57 +

n
Zl[z..(sina(ln(zij)) + cosa(ln(zij)))], i=1,...n,

1]
#i
/2 i . .
= xj + G s i,j=1,...,n.

Z..
1]




Order n= 10, 20, 30, 50.
. . . = - +K
Initial guess: X F(0) (%Eﬁ)
where
K=8fn+ (¢« + 1)(n - 1) and
c=fn=-(a+ Dn-1).

e distinguished between the following cases:

0. a=5, B = 14 , y =133
. a=4, B= 7, y=13;
2. =7, B =17, y =4 .

solution for 50 of case (g is given by GHERI & MANCINO [27].

=}
]

.2.16 (FLETCHER & POWELL [25])

F(x) = e = (As(x) + Be(x)),
here A and B are n x n matrices, whose elements are generated as
-andom integers between -100 and +100, s(x) and c(x) are n-vectors
uch that:

s(x) = (sin(x]), sin(xz),..., sin(xn))T and

c(x) (cos(xl), cos(xz),..., cos(xn))T.
is a vector, calculated as follows. Let X be a vector, whose elements
re generated as random numbers between -7 and +m, then
e = As(x) + Be(x').
Order : n= 10, 20, 30, 40.
Initial guess : x* + 0.0l 8§, where the elements of § are random
numbers between —m and +m and x* as used for

calculating e.

. * .
Solution ¢ x, as used for calculating e.

.2.17 (BROYDEN [11])

_ 2 _ 2
Fi(x) = (ky + kyx{)x, + 1 k3jZI (xj + xj),
i

here Ii = {k I k # 1, max(l,i-rl)SkS min(n,i+r2)}

nd rl, r2, kl, k2 and k3 are given integers.

Order: n = 20, 30.
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Initial guess: x, = -1, i=1,2,...,n.

We distinguish between the following cases:
0. r1=3, r2=3, kl=1, k2=1, k3

]
—
ve

l. r1=5, r2=1, kl=1, k2=1, k3=1;
2, r1=5, r2=5, kl=2, k2=1, k3=1;
3. r1=3, r2=2, kl=3, k2=2, k3=1;
4., rl =4, r2 =4 kl=2, k2=5, k3 =1 .

For reasons of brevity we do not give the solution vectors.

k: The Jacobian matrix of this function is a band matrix with lower

band width rl and upper band width r2.

8 (BROYDEN [11])

Fi(x) = (3 - kxi)x:.L + 1 - .~ 2xi+1 .
i=2,...,n"1,

Fl(x) = (3 - kxl)x] + 1 - 2x2 5

Fn(x) = (3 - kxn)xn + 1 = X 1>

where k is a given integer.

Order: n =5, 10, 20, 30, 40.
Initial guess: X, = -1, i=1, 2,...,n.

We distinguish between the following cases:
0. k=0.1,

1. k=0.5,
2. k 2.0 .

For reasons of brevity we do not give the solution vectors.

rk: The Jacobian matrix of this function is a tridiagonal matrix.

In the sequel we will denote a given testfunction by a triple
c), where p denotes the last number of the subsection in which it
fined (1 up to 18), n the number of variables (i.e. the order of
roblem) and c the starting point or case. For instance, testfunction
0,1) denotes the testfunction given in 5.2.18, with order 20 and

= 0.5 .




3. Classification of testproblems

We classify our testproblems according to the same rule
jiven in section 5.1. However, the data that we derive from ‘ac—
:ical experience (the number of function—evaluations and ite
steps) is independent of the expensiveness of the function. we
lo not have to distinguish between cheap and expensive probl his
rould only be necessary if we use computation time as a meas

le obtain four sets of testfunctionms.

Set T: : (1,2,0) , (2,2,0) , (2,2,2) ,
(4,2,0) , (4,2,1) , (6,2,1) ,
(8,2,0) ,
(15,10,k) , k = 0,1,2 ,
(18,n,k) , n= 5,10 and k = 0,1,2 .

Set T; : (15,n,k) , n = 20,30,50 and k = 0,1,2 ,
(17,n,k) , n = 20,30 and k = 0,1,2,3,4 ,
(18,n,k) , n= 20,30 and k = 0,1,2 ,
(18,40,k), k = 1,2 .

Set Tg : (1,n,0) , n=3,5,10,

(2’2’1) 2 (2’2,3) 3

3,2,e¢) , c¢=0,1,2,3,
(5,3,0) ,

(6,2,¢) , c¢=0,2,
(7,2,¢) , c= 0,1,
(8,2,c) , c=1,2,
(9,2,0) ,

(10,2,c)s c¢c=0,1,

(11,2,¢), c¢=0,1,2,3 ,
(12,4,0) , (13,6,0) ,
(14,n,0) , n 2,3,4,5,6,7,9 ,

(16,10,0).
Set T; : (1,n,0) , n= 15,25,
(16,n,0) , =n = 20,30,40 ,

(18,40,0)




Although all problems of sets Tz and T; are easily solvable in t
» of definition 5.1.1., it is not certain that all problems of set
1d Tz are difficultly solvable since we calculated rather crude up
s for the number I' (cf.(2.2.7)) and it may be possible that T is
. enough although we could not prove it. However, the given distin
is sufficient for our purpose.

je T: as a test set for the classes of functions We] and sz, T; f

e e e d d d d
sz, WQB and W24, and analogously Ts for wsl and VY 52 and Tz for
d d d
le, WZB and wlé'

lermore, Ti and T: are used for testing the efficiency, while Tg a

re used for testing the reliability.

JLES FOR USERS

In this section, we give some rules of thumb for the non-special
of algorithms for solving systems of nonlinear equations. In fact
mmarize the results of the preceding sections, in such a way that
is able to classify his problem. After that, it appears from the

.ons of section 8 which algorithm will most likely solve his probl

Information available

Theoretically, the use of numerical approximations to the Jacobi
.x will always slow down convergence to the solution (see BUS [14]
rer, in practice the use of forward difference approximations to t
;mnts of the Jacobian matrix will usually give as good results as
1ation of the analytical expressions. In fact, it depends on the
:hness of the function and the choice of the step length in the fo
difference formula (see section 3.1).

If analytical expressions for the Jacobian matrix are available,
the user should compare the number of arithmetical operations re-
:d for evaluating the function and the number of arithmetical oper
; required for evaluating the analytically given Jacobian matrix.

It depends highly on the ratio between these numbers, whether it

:ient to use analytical expressions for the calculation of the




acobian matrix. A final ruling on this point, based on experimental re-

ults, will be deferred to the conclusions in section 8.

.2. The size of the problem

The number of variables, i.e. the order of the nonlinear system,
nd the number of arithmetical operations required for evaluating the
unction, defines the size of the problem. The user should decide in

hich of the classes defined in section 5.1, his problem has to be placed.
.3. Special features of the problem

It may be possible that the way in which the problem is formulated,
ill give some preference for one algorithm above another.
roperties that should be noted are:

a. are some or most of the function components linear;

b. 1is the evaluation of one component of the function independent
of evaluation of the other components or has a lot of work to
be done for all components together.

onclusions about the effect of these properties on the efficiency and

eliability of the algorithms are given in section 8.

4. Solvability of the problem

If the user can derive an upper bound for the value of T as de-
ined by (2.2.7), it may considerably simplify the process of choosing
ne right algorithm. If this number is less than 1 or its order of
agnitude is about 1, then he should choose the most efficient algorithm.
owever, if the order of magnitude of the number ' is about 1/€ or more,
here ¢ denotes the precision of computation, then he might prefer the
ost reliable algorithm.
nfortunately, for most practical problems, it is not possible to give a
easonable estimate of the number I'. Since all algorithms may fail on se-
ere problems, the best we can advise is, once the problem is classified
ccording to the rules 6.1 up to 6.3, one should choose the most efficient

lgorithm for this problem. If it fails in solving the problem, then
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e reliable algorithm can be used subsequently.

Secaling of the variables

In practice, it appears to be desirable to scale the variables
ch a way, that their order of magnitude is about the same (see sec-
2.3).

The stopping criteria and source text to be used

When one chooses a program according to the conclusions given in

on 8, one should use the source text, which is given in appendix, or
an use the source text to which is referred.

er, in the last case, one should incorporate the changes mentioned
ction 4. In either case the conclusions are based on the values for
nput parameters as given in section 4.

rning the stopping criteria, the user is advised to incorporate both

ria (2.4.1) and (2.4.2) when it is not donme already.

Interpretation of results

The user should be cautious in interpreting his results. Neither
111 norm of the function, nor a small step length in the last
ition step does necessarily imply a small error in the approximate
:ion vector. Validation of such statements can be done only if an

1ate of the value of T' (cf.(2.2.7)) is known.

EVALUATION OF NUMERICAL EXPERIMENTS
The method of evaluation

Evaluation of the relative efficiency.

As is already pointed out in the introduction and in section 5.1,
e a set of easily solvable testproblems for comparing the efficiency
.e various programs. In fact, we use the sets T: and T:. We say that
gram is reasonable if it solves all easily solvable testproblems.
Let p denote some easily solvable problem of the form (1.4). Let R

me program for solving problems of the form (1.4) and let the number




" iteration steps n_, the number of function evaluations ng and the numb
" evaluations of the Jacobian matrix ng, which are needed for solving pr
.em p by program R, be obtained experimentally. Then, the total amount o
rk which has to be done by program R in order to solve problem p can be
:fined by:

L1.1.1) A(R,p) = Ai +n x /\.S + g x AF + 0y x AJ,

lere Ai and AS denotes the work done in the initializing phase and per
:eration step respectively (cf. section 4.4) and AF and AJ denote the
'tk needed to evaluate the function and its Jacobian, respectively.

mce, we say that program R is more efficient than program Q for solving

‘oblem p if
A(R,p) < A(Q,p).

te that, for reasonable programs, we may assume that the numbers n_, ng
d n, are finite, since p is easily solvable (compare section 5.1).
Clearly, formula (7.1.1.1) is not very useful for our purpose since
: should solve the problem before we can compute A(R,p) and we like to
ow the efficiency of a program for solving some problem before we do
‘tually solve it, in order to be able to choose the most efficient pro-
‘am. Therefore we will define the notion "expected relative efficiency'.
't ¢ be some class of easily solvable problems and suppose T is a repre-
ntative set of testproblems from the class ¢. Let, moreover, A be a
ass of reasonable programs for solving problems from class ¢. Then we

‘tain experimentally the number n, ng and n. for all programs R € A

J
d all problems p € ¢. Therefore, we obtain

A(R,p) for all R e A and p € 0,

ovided A., A , A, and A_ are known.
1 S J

F
en, the expected relative efficiency of program R ¢ A, for solving a

‘oblem of class ¢ is defined to be:




| peT QeA

2 denotes the number of testproblems in T
roblem of measuring Ai’ As’ AF and AJ. As
them in basic arithmetical operations (ad
jection 4.4).

AF and AJ are usually related, we express

1.3) AJ = yA

F

11 use only rough estimates for the quanti
se values are highly dependent on the way
ate these values depends on the kind of pr
stinguish between the classes of easily so
ction 5.1.

e

sl’
roblems in this class. Hence, the expected

¥ The quantities Ai, AS and AF are all
s acceptable. Therefore, the approximated
ies of all programs for solving a problem

equally high:

= e e
1.4) E(R,A,WSI,WS]) = c,

11 R € A, where A is some set of reasonabl
en 0 and 1 and the bar above E denotes tha
. Note that the quantity in (7.1.1.4) does
roblems. In fact, only the reliability of

e wants to solve a problem of class W:l,

W?z. For these problems we may neglect AS

, Wwe may approximate A(R,p) by:

1.5) A (R,p) =~ A(R,p) = (ngrn xy) x Ag, £

41

ously, there remains
. before, we will ex—

S plus multiplications)

relation by

. A i
P A1 and S 31nc§
gramming. How we
that are involved.

problems defined

for all programs and
ive efficiency is
ed relative effi-

SS W:l are defined

rams, ¢ 1s some value
s an approximated
epend on a set of

rram is important
relative to A_.
1 , F

e
A and p € WSZ.




» obtain:

, — e e _ 1 K(R’p)
1.1.6)  BR,8,T0YS) = ¢ L mmtieey
pgTz QeA

e e e
027 ?23 and WQQF For the problems we express AF as a func

on of the number of variables n and neglect lower order terms

e
.asses Wzl’ b4

.f. section 5.1).
W1.1.7) A = on",

'r some integer B and real a. For the quantities A; and A_ we use the

jproximations given in table 4.1. Doing so we obtain for 0 ¢ T: :

'.1.1.8)  A(R,p) [ns/3 + (nF+‘ynJ)anB_3]n3, for R ¢ {A,B},

'.1.1.9)  A(R,p) [n /3 + an 23103, for R € {C,D,E,F,G,J,L,M},

F
'.1.1.10) A(H,p) = [3 + anFnB_3]n3,
: = _ B-3, 3
1.1.11)  A(R,p) = [nsn/4 + ongn In~, for R ¢ {I,0},
'1.1.12) A(K,p) = [8/3 + anFnB‘3]n3,

(1 + n; + anFn8_3]n3,

'.1.1.13) A(N,p)

lere n_ denotes the number of iteration steps that the Jacobian matrix
i reset to the inverse of the forward difference approximation.

sing (7.1.1.8) up to (7.1.1.13) we obtain the approximate expected re-
itive efficiency similarly to (7.1.1.6), where the set of testproblems

i chosen to be T:.

1.2, Evaluation of the reliability

In order to obtain a measure for the reliability we use the set T
! testfunctions. The reliability of a program is simply obtained by
yjunting the number of failures when solving problems of the testset.
it ® be some class of difficultly solvable problems and let T be a re-

resentable set of testproblems from &, then the reliability of a programR
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jolving a problem of class ¢ is defined to be

2.1) Z(R,T,9) = - x (number of problems p ¢ T which are solved

ol

successfully),

: £ is the total number of testproblems in T. We distinguish between:
le reliability for small problems: Z(R,T:,W:);

le reliability for large problems: Z(R,T;,Wj);

le reliability for all problems: Z(R,Td,wd).

. General remarks

All experiments reported in the next sections are carried out on a
'yber 73 computer, with precision of arithmetic of about 14 digits.
ralues of the control parameters used are reported in section 4, where
)rograms are described. In the tables we give the numbers n_, Np, N

J
;rams A and B) and n; (program N). These are the smallest numbers, so

the euclidean norm of the function vector is less than some threshold.

1o0se this threshold ]0--7 for the small testproblems (n < 15) and 10“6

‘he large testproblems (n > 15). The testing on the convergence behav-
of the various programs and on special features of some programs is

‘ted in section 7.3.

Efficiency experiments

As is already mentioned in section 4.1, we distinguish between
‘ams written in ALGOL 60 and those written in FORTRAN. The results
le ALGOL 60 programs for small and large problems are listed in the
's 7.1 and 7.2, respectively, and those of the FORTRAN programs in the
's 7.3 and 7.4. Concerning programs I and O, we assume that we may say
n evaluations of function components are equal to one evaluation of
‘unction vector, so that ng is equal to the total number of function
ment evaluations divided by n. For program L, we did in fact give
wmber of linear systems solved instead of n_. In many iteration steps
11s program two linear systems are solved because of some recovery

le. However, since the solution of a linear system is the bulk of




Experimental results for small p

'm A B C

¢ ns nF nJ ns nF 0y ns nF
0 1 2 1 1 2 1 1 4

0 24 | 25 | 24 8 17 8 27 | 76

2 9 |10 | 9 8 |13 | 8 8 | 25
0 4 | 5 | & 4 | 5 | 4 4 | 13
1 516 |5 3 (9|3 5 | 16
1 6 | 7|6 5 |10 | 5 6 | 19
0 2 | 3 | 2 2 | 3 | 2 2 | 7
0 3|4 |3 3|4 |3 3 | 34
1 3| 4 |3 3 (4|3 3 | 34
2 3| 4|3 3|4 | 3 3 | 34
0 31 4 | 3 3|4 |3 3 |19
1 3| 4| 3 3|4 | 3 3 | 19
2 4 | 5 | 4 4 | 5 | & 4 | 25
'l o 4| 5 | 4 4 | 5 | & 4 | 45
1B 4| 5 | 4 4 | 5 | & 4 | 45




o1

nd all programs ir » 60

E F a Gb I
's| "F | "s | "F "r | U | F | "s | F
1 4 1 4 12 1 4 6 1 2.5
0 | 31 9 28 12 13 | 16 I5 6 15
3 25 5 17 14 12 | 15 6 9 |(22.5
' 13 3 10 10 6.1 9 10 4 10
> 16 3 10 28 11 14 13 ] 10 | 25
> 19 7 21 13 17 | 20 13 8 20
2 7 2 8 7 2 5 6 1 2.5
3 34 1 15 16 4 15 5 3 |19.5
3 34 1 15 17 4 15 5 3 [19.5
} 34 1 16 17 4 15 5 3 |19.5
} 19 2 20 15 6 12 2 3 12
} 19 2 20 15 6 12 2 4 16
' 25 3 26 15 9 15 5 4 16
b 45 2 40 26 9 20 0 4 26
b 45 2 37 28 7 18 9 4 26
' 45 2 38 23 10 | 21 0 4 26




TABLE

results for large problems of
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2

t T; and all programs in ALGOL 60

E F Ga Gb I
nF ns nF ?s nF ns nF nS nF ns nF
64 1 | 25 | 6 |27 |4 |25 | 4 |25] 3| 34.5
64 1 | 25 | 6 |27 |4 |25 | & |25 3| 36.5
64 1 | 27 | 6 |27 |5 |26 | 5 |26 3|364.5
94 1 | 36 | 7 |38 |5|36 | 5 |36]| 3/|49.5
94 1 | 36 | 6 |37 |46 |35 | & |35] 3/|a9.5
94 1 | 37| 7 |38 |6 |37 ] 5|3 | 3|49.5
154 1 | s6e | 7 | s8 |4 |55 | 4 55| 3]|79.5
154 1 | s6 | 6 | 57 |4 |55 | 4 |55] 3/|79.5
154 1 | s7 | 7 | s8 |5]56% 5 |s6| 3]79.5
64 2 | 71| 8 | 290 |8 |20 | 6 |27 | 4| 46
85 2 | 71 | 19| 40 |8 |20 | 7|28 4| 46
85 2| 71| 8 | 20 |8 |20 | 7 |28 4| 46
106 2 | 73| 15| 36 |14]35 | 13|34 ]| 5| 57.5
106 ol 73| v | o || o | 13]3]| s5]s7.s
94 1| 76 | 7 | 38 38 | 6 (37| 4| 66
125 1| 74 | 22 | 53 40 | 7 138| 4| 66
125 2 | 105] 9 | 40 40 | 8139 | 4| 66
156 2 | 106 | 15 | 46 |14] 45 | 13| 46| 5| 82.5
156 2 106 16 D 16| D 13 | 44 5 82.5
106 o | 79 | 26 | 4513 36 | 11| 32| 5| 575
85 2 71 ] 21 | 42% 9 |30 | 8 |20| 4| 46
85 2| 71| 1| 32 |0]31 | 8|29] 4| 46
156 3 | ws| 12| o |o| o | 13]a]| 5825
125 2 | wos| 22 | 5231 |a2 | 8|39 4| 66
125 2 | 1os| 11 | a2 [11]s2 | 8|39 4| 66
165 1| 97 ] 23| 64 |12 53 | 9 |s0| 4| 86
165 1|97 | 11| s2 |12 | 84| 4| s6

-6 :

' norm of function only 5]

0

4)norm of function only 2l

0

-6




Experimental results for small p1

Problem Ja Jb Ka Kb ' L

Blnfe | m | oy | g T | % | P | %% | P |

2 |2 |2 8 27 32 | 97 18 | 22 12 16 65 | 63
4 12 |0 4 13 4 13 9 12 7 11 18 16

4 | 2 1 3 13 4 15 10 13 9 12 4 D

1510 |0 3 34 3 34 5 16 4 18 8 15
15110 |1 3 34 4 45 6 19 4 23 8 15
15|10 | 2 3 34 3 34 5 18 4 24 10 | 16
18/ 5 (0 3 19 5 31 6 14 5 15 13 18
18] 5 |1 3 19 4 25 8 14 6 15 13 18
18| 5 | 2 4 25 5 31 36 D 8 19 19 | 21
18110 | 0 4 45 8 89 10 | 25 9 33 21 32
18110 | 1 4 45 4 45 13 | 27 7 28 17 | 30

181 10 | 2 4 45 5 56 61 T 8 30 23 | 33




3

set Tz and all programs RTRAN

M Na Nb Oa Ob

Oy n;_ s | "F s | PF s | "F s | PF
12 1 7 10 7 10 1 2.5 2 5
18 1 11 14 11 14 6 15 6 15
20 1 11 15 11 14 9 |22.5 9 |22.5
10 1 8 12 11 14 4 10 4 10
12 1 11 15 11 14 18 | 45 13 | 33
13 1 9 12 9 12 8 20 8 20
22 1 11 14 11 14 1 2.5 2 5
15 1 4 16 4 15 2 13 3 |19.5
17 1 4 16 4 15 3 |119.5 3 |19.5
16 1 5 17 5 16 3 119.5 3 |19.5
14 1 8 15 8 14 3 12 3 12
12 1 6 13 6 12 3 12 3 12

b | 16 1 10 | 19 9 15 4 16 4 16

V| 24 1 12 | 25 11 22 4 26 4 26
20 1 9 22 9 20 4 26 4 26
22 1 12 | 28 11 23 4 26 4 26




BLE

Experimental results for large ems

'roblem Ja Jb Ka Kb L

P n ¢ s | "F s | F s | s | °F s | F
5120 |0 3 | 64 3 64 5‘ 27 4 |38 8 25
5 | 20 1 3 | 64 5 106 7 31 4 | 44 8 25
51 20 | 2 3 | 64 4 85 6 30 5 |44 10 | 26
5|30 |0 3|94 3 94 5 38 5 |62 8 35
s 301 | 3|94 |3 |156| 7 |42 4 [646 | 8 |35
51130 | 2 3 | 94 4 125 6 40 5 |62 10 | 36
5|50 1|0 3 | 154 3 154 6 60 5 |99 8 55
5 | 50 1 3 | 154 5 256 6 59 5 |106 8 55
51|50 | 2 4 | 205 4 205 7 62 5 |105 10 | 56
7120 |0 4 | 85 4 85 26 |62 7 |40 15 | 69
7| 20 1 4 | 85 4 85 101 | T 7 |41 15 | 49
7|20 | 2 4 | 85 4 85 23 | 60 9 |47 14 | 69
7120 |3 5 | 106 6 127 82 | 166 14 | 61 29 | 56
71 20| 4 5 | 106 5 106 36 | 93 15 | 58 27 | 75
7 30 | O 4 | 125 4 125 28 | 82 7 |58 15 | 99
7 30 1 4 | 125 4 125 65 |[180 7 |61 17 70
7 30 | 2 4 | 125 4 125 26 | 79 11173 16 | 100
7 30| 3 5 | 156 6 187 151 | T 14 | 93 29 | 76
7 30 | 4 5 | 156 5 156 115 | T 17 | 98 23 | 103
8 20| O 4 | 86 9 190 90 T 10 | 51 45 T
8 20 1 4 | 85 4 85 37 | 106 8 | 49 17 | 50
8 20 | 2 4 | 85 4 85 107 | 201 9 | 55 23 | 53
8 30| O 4 | 126 9 280 60 | 187 14 | 80 50 T
8 | 30 1 4 | 125 4 125 101 | T g |70 17 | 70
8 30 | 2 4 | 125 4 125 124 | T 11 | 75 23 | 73
8 | 40 1 4 | 165 4 165 48 D 10 | 94 19 | 91
8| 40| 2 4 | 165 4 165| 208 | T 12 | 101 21 | 92




7.4
et T: and all programs in FORTRAN

Na Nb Oa 0b
no n n. |ng n_|n, ng n, ng n_ | ng
26 1 4 25 1 4 25 3 |34.5 3 |[34.5
27 1 4 26 1 4 25 3 |34.5 3 34.5
27 1 5 27 1 6 27 3 |34.5 3 |[34.5
36 1 5 |37 1 5 |36 3 49.5 3 49.5
38 1 4 35 1 4 35 3 49.5 3 |49.5
38 1 6 38 1 6 37 3 149.5 3 49.5
56 1 5 57 1 5 56 3 179.5 3 79.5
58 1 4 55 1 4 |55 3 79.5 3 79.5
58 1 6 |58 1 6 57 3 79.5 3 79.5
27 1 8 | 31 I 7 28 4 46 4 46
28 1 8 |30 1 8 29 4 46 4 46
29 1 8 |30 1 8 |29 4 46 4 46
35 1 |17 | 45 1| 14 | 35 4 46 5 | 57.5
35 1 17 | 46 1] 13 ]34 5 |57.5 5 57.5
37 1 7 139 1 7 38 4 66 4 66
39 1 8 |40 1 8 |39 4 66 4 66
39 1 9 |42 | 8 | 39 4 66 4 66
45 1 17 | 55 1| 14 | 45 4 66 5 82.5
45 1 16 | 53 1| 14 | 45 5 | 82.5 5 82.5
52 1 15 | 35 1] 15 ] 36 5 | 57.5 5 57.5
30 1 10 | 32 1|10 | 31 4 46 4 46
31 1 10 | 34 1 9 30 4 46 4 46
49 1 18 | 51 1| 18 | 49 5 | 82.5 5 | 82.5
41 1 12 | 46 1] 10 | &1 4 66 4 66
41 1 10 | 43 1] 10 | 41 4 66 4 66
51 1 12 | 56 1] 11| 52 4 86 4 86
51 i 10 | 53 1] 10 | 51 4 86 4 86
BIBUOTHEEK WATHEMATISCH CENTRUM
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ne work per iteration step, it is convenient to count the solution of a
inear system as an iteration step. In the tables the capital D means that
ne program diverged and is terminated by some error exit, T means that
1e program is terminated because the number of function evaluations be-
ame too high. It is clear from table 7.2 that program G is not a reason-—
ble program for solving large functions, since it failed to solve some
asily solvable problems and other problems were not solved in the preci-
ion required. For the same reasons we see from tables 7.3 and 7.4 that
1e programs L and Ka are not reasonable at all for solving nonlinear
ystems, while program Jb should not be used for small problems. This re-
11t for program Ka is rather surprising. We feel that the starting guesses
1 program Ka should give better results than those given in program Kb.
1is is affirmed by the fact that for many problems the recovery scheme
1ilt in program K is used to obtain a new set of starting guesses when
sing version Kb. Probably, there are some small programming errors in the
ode published by GRAGG & STEWART [28]. Another simple conclusion that can
2 derived from tables 7.3 and 7.4 is that the number of function evalua-
ions as well as the number of iteration steps, needed by program Jb for
>lving the given problems is always greater or equal to those, needed by
rogram Ja. For this reason and for the one given above, we will also con-
ider program Jb as not reasonable. These conclusions will also be justi-
ied by the reliability tests given in section 7.3.

Using the results given in tables 7.1 up to 7.4 we will now calcu-
ate the values for the approximate expected relative efficiency of the
arious procedures for solving the problems from the various classes.

or this calculation we use the notions and formulas from section 7.1.

.2.1. Efficiency for solving small cheap problems

As is already stated in section 7.1, we define the approximated
kpected relative efficiency of all reasonable programs for solving pro-

lems of class W: equally high (cf.(7.1.1.4)). Only the reliability of

1
1e various programs is important if one wants to solve these problems.
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!. Efficiency for solving small expensive problems

In order to evaluate the right ﬁand side of (7.1.1.6) we should know
ralue of vy (see (7.1.1.3)). In table 7.5 we give the approximated ex-
:d relative efficiency of the various reasonable ALGOL 60 programs for
.ng problems of class W:z, for some typical values of y. Since for all
AN programs the value of y is equal to zero, we can give the required
.ts in table 7.6 independent of Y.

Ir notation AA means the set of reasonable ALGOL 60 programs:

2.1) = {A,B,C,D,E,F,Ga,Gb,H,I}

A

'F denotes the set of reasonable FORTRAN programs :

2.2) A, = {Ja,Kb,M,Na,Nb,0a,0b}.
TABLE 7.5
= e e
E(R,AA,TS,wsz) , for R ¢ Ay
A B C D E F Ga Gb H I
0.4 | 0.4 0.9 0.9 0.9 0.7 0.6 0.5 0.5 | 0.6
0.5 | 0.5 0.9 0.9 0.9 0.7 0.6 0.5 0.5 | 0.6
0.8 | 0.8 0.8 0.8 0.7 0.6 0.6 0.4 0.4 | 0.5
0.6 | 0.6 0.9 0.9 0.9 0.7 0.6 0.5 0.5 | 0.6
0.9 | 0.9 0.9 0.9 0.9 0.7 0.6 0.5 0.5 | 0.6
1.0 | 0.9 0.6 0.5 0.5 0.4 0.4 0.3 0.3 | 0.4
TABLE 7.6
= e e
E(R,AF,TS,WSZ) , for R ¢ AF

Ja Kb M Na Nb Oa 0b
0.9 0.6 0.6| 0.6 0.6} 0.6 0.6




an immediate result of table 7.5 we see that programs A or B (Newton's
thod with analytical Jacobian) is only preferable above other algorithms
y is small (about 1).

rthermore, programs C, D and Ja (Newton's method with forward difference

cobian) are not efficient.

2.3. Efficiency for solving large very cheap problems

To evaluate the approximated expected relative efficiency of the
e
L1
and ng given in tables 7.2 and 7.4 in the expressions

asonable programs for solving problems of class Y , we substitute the

lues for n_, np
.1.1.8) up to (7.1.1.13) where B = 1. However, since the first term with-
the brackets of these expressions is of order 1 or more and the second

xm is of order nF/n2 we can neglect the second term for large n.

ing so, we obtain with the use of a formula similar to (7.1.1.6) the re-

1ts given in tables 7.7 and 7.8. These results are independent of a and

since they only appear in the terms that we neglected.

nce the programs Ga and Gb are considered to be not reasonable for solv-

g large problems, we will drop them and use the set ZA of reasonable pro-
ams in ALGOL 60, where

.2.3.1) ZA = {A,B,C,D,E,F,H,I}.

TABLE 7.7
- - e -
E(R,AA,TQ,\YEI) , for R e B,
A B C D E F H I
0.05| 0.05| 0.05| 0.05|0.05 [|0.02] 0.1 | 1
TABLE 7.8
E(R,AF,Ti,wzl) , for R e Ag
Ja Kb M Na Nb Oa 0Ob

0.05| 0.1 0.1 0.05| 0.05 1 1
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‘ly program F is the most efficient program in ALGOL 60 and the pro-
i I in ALGOL 60 and O in FORTRAN are relatively very inefficient for

ng large very cheap problems.

. Efficiency for solving large cheap problems

As in section 7.2.3 we substitute the values for n_, ng and ng, given
bles 7.2 and 7.4, in the expressions (7.1.1.8) up to (7.1.1.13), where
. However, we can no longer neglect the second term in these expres-

since ng is usually of order n. Therefore, substituting n and B,

. still remain two parameters a and y (see (7.1.1.7) and (7.1.1.3)
ctively). In table 7.9 we list the values for the approximated expec-
elative efficiencies of the programs in ALGOL 60 for some typical

s of o (a=1,20) and vy (y=1/n, 1,n). Since y = 0 for all programs in

AN, the results for these programs, given in table 7.10 depend only

TABLE 7.9
—-— e e - *
E(R’AA’TR’wQZ) , for R € AA and some typical values of y anda

o Y R A B C D E F H I
1 1/n 0.06 0.06 0.2 0.2 0.2 0.1 0.2 1
1 1 0.06 0.06 0.2 0.2 0.2 0.1 0.2 1
1 n 0.2 0.2 0.2 0.2 0.1 0.2 1
20| Y| 0.1 ] 0. 1 1 1 | 0.6 | 0.4 0.9
20 1 0.1 0.1 1 1 1 0.6 0.4 0.9
20 n 1 1 1 1 1 0.6 0.4 0.9
TABLE 7.10
e e
E(R’AF’TQ’WQZ) , for R € AF and some values of o
R

o Ja Kb M Na Nb Oa Ob

1 0.210.2 | 0.2 | 0.09| 0.08 1 1
20 1 0.6 | 0.4 | 0.4 | 0.3 |0.8] 0.9




is easily seen from table 7.9 that Newton's method with analytical de-
ratives (programs A and B) is the most efficient method as long as evalu
.on of the Jacobian matrix is about as expensive as one evaluation of th
iction or cheaper. In all other cases, program F (if a=1) or program H
' 0=20) is preferable when a program in ALGOL 60 has to be chosen.

m table 7.10 we see that the most efficient FORTRAN program is progrém

. for both values of a.

'.5. Efficiency for solving large expensive problems

In a similar way as in section 7.2.4 we obtain the results given in
1le 7.11 and 7.12. For this class of functions B = 3 (cf.(7.1.1.7)) is
)stituted.

TABLE 7.11
— e - 3

E(R,AA,TQ,W23) , for R € AA and some typical values of o and

R
o Y A B C D E F H I
1 1 10.1 0.1 1 1 1 0.6 0.4]0.8
1 n 1 1 1 1 1 0.6 |0.4]|0.8
20 1 (0.1 0.1 1 1 1 0.6 10.310.5
20 | n 1 1 1 1 1 0.6 |0.310.5

TABLE 7.12

e e
E(R’AF’TR’WQB) , for R ¢ AF and some values of o

) R Ja Kb M Na Nb Oa Ob

1 0.6 | 0.4 0.4 | 0.3 | 0.8 | 0.8
20 1 0.6 | 0.4 0.4 | 0.4 | 0.5 | 0.5

for large cheap problems (section 7.2.4) we see that programs A and B
wton's method with analytical derivatives) are superior above the other
)grams in ALGOL 60 as long as the evaluation of the Jacobian matrix is
ut as expensive as one evaluation of the function or cheaper. Otherwise

igram H is preferred. The programs M and N are the most efficient
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ams in FORTRAN.

. Efficiency for solving large very expensive problems

In calculating the approximated expected relative efficiencies of the
e
L

ions (7.1.1.8) up to (7.1.1.13) by neglecting the first term within

1s programs for solving problems of class V¥ 4, We may simplify the ex-
rackets relative to the second since B = 4. Therefore, the results do
spend on a. For the programs in ALGOL 60 we give the results, for

or n, in table 7.13. For the programs in FORTRAN, where y = 0 for all

ams, the results are given in table 7.14,

TABLE 7.13
E(R,ZA,TE,WEA) , for R ¢ AA and some values of ¥y
R
Y A B C D E F H I
1 0.1 0.1 1 1 1 0.6 0.3 0.5
n 1 1 1 1 1 0.6 0.3 0.5
TABLE 7.14
e
E(R,AF,TQ,W£4) , for R ¢ AF
Ja Kb M Na Nb Oa Ob

1 0.6 0.4)0.4}| 0.3 | 0.5} 0.5

we see that the programs A and B are superior as long as the evalua-
>f the analytical Jacobian is about as expensive as one evaluation of
mmction. Otherwise, program H is the most efficient program in

60. The programs N and M are the most efficient programs in FORTRAN.

teliability experiments

Since the reliability of a program, defined by (7.1.2.1), is inde-
it of other programs we do not have to distinguish between programs
0L 60 and FORTRAN when we calculate the reliability. As is mentioned

*tion 4.1 and 7.1.2 we use the set Td of testfunctions to measure the




TABLE

Experimental results for testproblems

Problem A B C D
P n Cc nS nF ns nF ns nF ns nF
1 3 0 6 7 5 11 6 25 5 26

1 5|0 17 18 6 17 17 | 103 6 47

1 10| 0 2 D 12 | 51 2 D 12 {171
1 115 0 2 D 2 D 2 D 1 D
1 25| 0 2 D 2 D 1 D 1 D
2 | 2 1 1 D 1 D 18 | 55 6 34

3120 42 | 43 4 D 56 | 169 4 D

3|2 1 22 | 23 5 D 65 | 196 5 D

3123 16 17 4 14 16 | 49 4 22

6 | 2| 2 100 | T 3 D 67 T 3 D

6 | 2| 3 11 12 6 18 11 34 6 30

712]0 12 | 13 70 | 367 12 | 37 70 | 507

71 2 1 16 16 4 D 14 | 43 4 D

9 (12| 0 2 3 15| 71 2 7 15 | 101




7.15

set Td and programs in ALGOL 60

E F Ga Gb H | I
g ns nF ns nF ns' nF ns nF ns nF
25 | 6 | 25 4| D 37 | 10| 14| 6 |18
33| 2 | b 4 | D 1 | o | 9|15 | 17| 68
D 2 D 1 D | D 56 D 76 T
D 2 D 1 D i D 37 D 83 T
D 2 D 1 D i D 4 D 1 D
25 | 16 | 48 1| o 1 | D | 97| T | 6|15
22 | 19 | 58 1215 | 11 |14 | 172 | 6 | 15
p | 8|25 | 98| T | 98| T | 97| T | 11 |27.5
D | 25| D 98 | T | 98 | T | 97| T | 40| T
16 | 5 | 16 9o 12| o |12 | 11|14 ] 6|15
37| 2| o 98 | T | 15 |18 | 97| T 7 [17.5
29 | 7| 29 27 31 | 18 |22 | 13|17 ] 7|21
19 | 7| 21 1215 | 8 |11 ] o 1 6 | 15
p | 7| D 16|19 | 55 | D | 97| T | 12 30
28 | 1133 | 62| p | 63 | D | 33|36 | 12 30
p | 10| 31 23 | 26 | 26 |27 | 26| 290 | 12| 30
D | 12|37 | 26| 29 | 26 |29 | 70| 713 | 13 |32.5
7 2 | 8 4| 7 2 |5 | 3] s 1| 2.5
7 2 | 7 2| 5 | 2 |5 | 4] 7 1 | 2.5
7 2 | 6 518 | 3|6 3| 6 2 | s

norm of function only 8.4]0-3




roblem c D
" " | Cs | PF | Ms |%F | Ts | F
2 6 7 (100 | T 9 |28 |44 | T
2 2 3 (100 | T 8 |25 44 | T
2 15 |16 | 15 | 16 14 |43 14 | 43
2 13 |14 |13 | 14 13 |40 13 | 40
2 15 | 16 4 D 15 |46 4 | D
2 17 | 18 3 D 17 |52 3 D
4 19 |20 | 19 | 20 19 |96 19 | 96
6 6 7 6 7 6 |43 6 | 43
2 - - - - 4 13 4 13
3 - | - - - 4 |17 4 | 17
4 - | - - - 6 |31 5 | 31
5 - | - - - 5 |31 5 | 34
6 - | - - - 8 | D 5 | 39
7 - | - - - 6 | D 6 | 59
9 - | - - - 4 | D 5| D
10 8 9 8 9 8 | 89 8 | 89
20 100 | T 7 13 96 | T 7 | 153
30 6 7 6 7 6 |187 6 | 187
40 7 8 7 8 7 |288 7 | 288
40 s |6 | 4| 8| a3 1es | 4 | 168

norm of function only 2.010—5

norm of function only 3.610—4

norm of function only 1.010—4




.15 (continued)

E Ga Gb I
g ns g ns O ?s g ns Bp ns Og
28 | 7 |21 98 | T 98 | T 97 | T 28 | 70
28 |5 [17 | 98 |T 98 | T 97 | T 24 | 60
43 |13 |44 | 24 |27 | 22 |25 | 22 | 25 13 |32.5
40 |11 |37 6 | D 1423 17 18 | 21 13 |32.5
46 (13 |42.| 21 |24 | 23 |26 | 23 | 26 13 |32.5
67 |16 | 51 6 | D 20 | 23 | 20 | 23 11 [27.5
106 | 16 | 81 6 | D 4 | D 27 [ 32 |57 | T
43 | 4 | 32 15 |22 14 | 21 0 | I 8 | 36
13 | 4 |12 11|14 5 | 8 5 | 8 4 |10
21 | 3 |13 8 | D 6 | 10 7 | 11 4 | 12
36 | 5 | 25 17 |22 12 | 17 9 | 14 4 | 14
D | 4 |27 | 53 | D | 10] 16 9 | 15 6 | 24
D | 2 | D 3 | D 18 | 25 | 31| 38 7 |31.5
D | 2 | D 44 | D 14 | 22 13 | 21 5 | 25
D | 2 | D 3 | D 3| D 20 | 30 5 | D
67 | 2 | D 1 D 1 D 16 | 27 7 [45.5
T 1 | D 1 | D 1| D 1839 | 8 | T
187 | 2 | 76 1 | D 1| D 21| 52 | 90| T
T | 2 | D 1 | D 1| D 26 | 65 | 75 | T
206 2 | D 32*) 73 6 | D 15| 56 5 |107.5




TABLE

Experimental results for testproblems

roblem Ja Jb Ka Kb
n nS nF nS nF nS nF nS nF nS nF
3 6 | 26 |32 |13 | 12 |23 10 |20 | 12 | D
5 7 | 49 |50 | T 10 | 23 7 |22 | 45 | T
10 10121 | 50| T 16 | 49 5 |26 | 35 | T
15 50 | T 50 | T 16 | 60 6 | 38 | 24 | T
25 1| D 50 | T 1 | o 1 | D 1 D
2 16 | 58 6 | 19 8 | 11 10| 16 | 14 | 11
2 6 | 29 7 | 22 8 | 12 8 | 12 | 20 | 14
2 50| T 50 | T 66 | T 75| T | 12 | D
2 50| T 50 | T 29 | 41 78| T | 14 | D
2 4 | 14 | 15| 46 8 | 13 | 13| 19 | 2 4
2 4| 20 | 18| 55 8 | 12 11|19 | 20 | 16
3 6 | 27 | 29 | 117 | 23 |28 | 15| 22 | 66 | 60
2 5| 18 8 | 25 1| 4 10|15 | 6 | D
2 25204 | 50| T 8 | 11 12|16 | 22 | D
2 6 | 26 9 | 28 7 | 10 8 | 12 | 22 | 19
2 331169 | 18 | 55 | 23 | 43 | 20| 37 | 14 | D
2 40| 275 | 50| T 25 | 46 | 25| 46 | 7 D
2 13102 | 50| T 7 | 10 6 | 10 | 5 8
2 5 24 | 31| 94 4 | 7 4| 8 | 20| 20
2 10| 53 | 35|106| 2 | 5 7110 ]| 6 D




16

et Td and programs in FORTRAN

Na Nb Oa ‘ob
1 v
DF 1'].S nS nF nS nS nF nS nF nS nF
31 | 1| 8|12 1| 8 12| 6|18 6 |18

51 1 9 15 1 9 15 17 | 68 17 | 68

84 1 9 20 1 9 20 50 T 1 D
T 1 10 | 26 I 10 26 50 T 1 D
T 1 10 | 36 1 10 36 1 D 1 D
12 1 8 11 1 8 11 6 15 6 15
13 1 9 13 1 9 12 6 15 5 |12.5

T 2 23 D 2 23 D 19 |47.5| 19 |47.5
30 1 12 15 1 12 15 6 15 6 15

30 1 12 16 1 12 15 7 |17.5] 7 |17.5

13 1 10 14 1 10 13 6 15 | 6 15
T 1 13 16 I 13 16 7 (17.5| 2 5
16 1 9 13 I 9 12 11 127.5] 2 5
46 1 114 | 117 1 132 | 135 12 | 30 7 D

151 2 50 D 2 50 D 11 28 8 D

32 I 24 | 27 I 24 27 2 5 3 8




TABLE

roblem Ja Jb Ka Kb L

> | n ¢ Dg n1:" ns D“F ns n’F ns nF ns nF

112 |0 15 | 46 50 T 19 | 34 | 23 | 41 4 D
1|2 1 13 | 40 26 | 79 20 | 37 19 | 36 2 D
112 |2 28 | 205 50 T 20 | 36 | 23 | 41 17 D
112 |3 27 | 174 50 T 22 | 39 | 21 38 2 D

24 (0 19 | 96 31| 156 35 | 71 29 | 62 56 76

FEN
N
o
S

13 4 13 6 11 6 12 19 16

_..‘
w
o
S

17 4 17 11 19 6 13 26 24

.,_‘
S
o
w

28 5 27 21 33 9 16 47 57

.._‘
(9]
o
Eo

26 4 26 27 | 43 1 19 70 T

_,,
(¢,
o
(0,]

37 6 43 35 | 55 15| 28 46 51

t19 |0 24 | 355 26 | 341 1 D 25 | 48 ] D
| 10| 0 3 34 3 34 21 | 40 6 17 30 26
»| 20| 0 3 64 3 64 52 | 93 6 28 100 T
»[ 30 0 3 94 3 94 83 (162 | 7 40 100 T

»[ 40 0 4 165 4 165 160 T 35| 171 | 100 T

3| 40( O 4 | 166 9 | 370 131 T 13 ] 101 | 100 T




16 (continued)

Na Nb 0a ob

F s | F Sl " | s TR
T 97 | T 97 | Tt | 16| 40 | 15| 38
T 97 | T 97 | T | 17 |42.5 | 16| 40
T 134 | 140 125 | 131 | 13|32.5 | 10| D
23 151 | 154 152 | 155 | 1332.5 | 10| D
T 11 | o 11| b | 13|32.5| 10| D
T 185 | 188 179 | 182 | 11]27.5 | 8| D
34 57 | 66 78 | 83 | 45| T | 50| T
35 30 | 38 30 37 | 6| 27 | 6| 27
9 5 | 8 s | 8 | 4] 10 | 4] 10
10 7 |13 8 | 14 | 4| 12 | 4| 12
18 1| 19 9 | 14 | 4| 14 | 12| 42
16 11 | 20 9 | 15| 5] 2 | 5| 20
28 31 | 41 29 | 36 | 4| 18| 4| 18
31 19 | 30 17 | 25 | 4| 20.| 4| 20
44 28 | 41 31 | 41| 6] 36 | 5| 30
17 7 | 21 7 ] 18| 319.5] 3/ 19.5
26 6 | 28 6 | 27 | 3|34.5]| 3] 34.5
37 8 | 41 8 | 39| 4| 66 | 3|49.5
51 9 | 51 9 | s0 | 7/150.5| 7]150.5
60 21 | 65 20| 61 | 5|107.5| 5]107.5




liability and we distinguish between the reliabiltiy for small problems
(R,Tg,wg)), for large problems (Z(R,Tg
(R,Td,yd)). In order to be able to calculate these values we give in

ble 7.15 and‘7.16 the results of the programs in ALGOL 60 and FORTRAN re-

actively for the set of testproblems Td.

,Wi)) and for all problems

sides the notation that is also used in the tables 7.1 up to 7.4 the
pital I in these tables means that the program is already terminated in
2 initializing phase because of a singular Jacobian matrix.

is seen in table 7.15 we do not give experimental results of programs
and B for solving the problems (14,n,0), n = 2,3,4,5,6,7,9. For these
>blems, the analytical Jacobian matrix is not available. Therefore, we
ve the reliability of the programs C up to O, which is measured with 511
>blems in Td, in table 7.17. Furthermore, the reliability of all programs
asured with the problems in Td except for the problems (14,n,0),

= 2,3,4,5,6,7,9, are given in table 7.18.

use the notation:

.3.1) T = 14 < ((14,n,0), n = 2,3,4,5,6,7,9}.

d or d is really a representative set of

1ce we do not pretend that T
ictions for testing the reliability we do only give one significant fig-
> in the tables 7.17 and 7.18. From the results given in these tables,
can draw some simple conclusions.

> statement, given in section 7.2, that the programs Ga, Gb, and L can

t be considered as reasonable programs is affirmed by these results.

2ir reliability is only 0.5 or less, i.e. for at least half of the pro-
ams of Td these programs fail. Furthermore, the programs B, D and Jb
swton's method with some kind of step size control) are conéiderably less
liable than its equivalent without step size control (programs A, C and

, respectively). Since step size control is incorporated to increase

> reliability, we must conclude that this goal is not attained and that
2se programs are not useful. The conclusion that program Ka is not use-

L is not affirmed by the figures, but as we mentioned already, the be-

7iour of program Ka is not clear to us and we feel that there are some

3ll programming errors in the code published by GRAGG & STEWART [28].




TABLE 7.17

reliability of programs

R Z(R,Tg,\y‘:) Z(R,ng‘ifﬁ) z®,14,v9)
c 0.8 0.5 0.8
D 0.7 0.8 | 0.7
B 0.7 0.5 0.7
7 0.7 0.3 0.7
Ga 0.4 0.2 0.4
cb 0.6 0.2 0.5
H 0.7 0.8 0.7
0.9 0.3 0.8
Ja 0.9 0.8 0.9
Jb 0.6 0.8 0.7
Ka 0.9 0.5 0.8
Kb 0.9 0.8 0.9
L 0.4 0.2 0.4
0.7 0.8 0.7
Na 0.8 1.0 0.8
Nb 0.8 1.0 0.8
0a 0.9 0.8 0.9
ob 0.7 0.8 0.8

There is another conclusion that can be derived from the tables 7.17 and
7.18. Comparing the figures for the program O we must conclude that pro-
gram Oa is to be preferred. Hence, the step length used in the forward
difference formulas to approximate the elements of the Jacobian matrix
should not be chosen as small as 10—8 if the machine precision is about
10~14. To summarize we may say that the ALGOL 60 programs A,C,D,E,F,H and
I are useful where A,C and I are the most reliable programs; furthermore
the FORTRAN programs Ja,Kb,M,N and Oa are useful, where only program M is

considerably less reliable than the other programs.

67




TABLE 7.18

reliability of programs

R Z(R,TS,W:) Z(R,'T‘g,\ll;l) z(r,T4,v9)
A 0.9 0.7 0.8
B 0.6 0.8 0.6
c 0.9 0.5 0.8
D 0.6 0.8 0.7
E 0.7 0.5 0.7
F 0.7 0.3 0.7
Ga 0.4 0.2 0.4
Gb 0.5 0.2 0.4
H ' 0.6 0.8 0.6
I 0.9 0.3 0.8
Ja 0.8 0.8 0.8
Jb 0.5 0.8 0.6
Ka 0.9 0.5 0.8
Kb 0.9 0.8 0.9
L 0.3 0.2 0.3
0.6 0.8 0.6
Na 0.7 1.0 0.8
Nb 0.7 1.0 0.8
Oa 0.9 .8 0.9
Ob 0.7 .8 0.7

4 Experiments about convergence behaviour and special features

of the programs

4.1. Convergence behaviour

For the programs C up to I in ALGOL 60 and Ja,Ka,Kb,M,Na,Nb,0a in
IRTRAN we give some diagrams to show the progress of the iteration as a
nction of the number of function evaluations. These diagrams are only
lustrations of the performance of the various programs and, in fact,
lly for the classes of functions sz and Wz4 where the work done per

.eration step can be neglected, these diagrams are illustrations of the
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:ive efficiency. Nevertheless, the diagrams are typical as illustra-
- of the behaviour of iterative methods for solving nonlinear systems.
.ymbols used in these diagrams are explained by the following reference

'S

:ams in ALGOL 60:

program C
program D ;

program E

LY

program F ;
program Ga;
program Gb;

program H ;

O & W %x O > 1 #

program I ;
‘ams in FORTRAN:

program Ja;

program Ka;

program M ;

program Na;

g
O

¥ :  program Kb;
X

&

X

program Nb;

g; : program Ob.

an see from these diagrams,‘that, once convergence starts, it 1s
fast (superlinearly or even quadratically).

ermore, there appears to be no reason to expect that one program is
re efficient to obtain the solution in a high precision than another

am. The same holds if only low precision is required.
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ce, as long as the precision is not too high, relative to the round-
error in the function and/or its Jacobian, the efficiency of the pro-

m is not influenced by the precision required.

.2. Special properties and features

The use of most programs is about the same. The user should provide
function and sometimes its Jacobian matrix, the precision required and
etimes some controlling parameters. For most programs the function has
be programmed such that for a given argument vector the whole function
tor is calculated. However, the programs I and O require the programming
the function such that only one component of the function vector is cal-
ated for a given argument vector. This may have severe consequences for
efficiency of programs I and O when the evaluation of one component is
ost as expensive as evaluation of the whole function vector.
advantage of the programs I and O, which is induced by the underlying
orithm, is that solution of problems for which part of the function
ponents are linear can be done relatively very efficient if the function
ponents are ordered in the right way. We will illustrate this feature
the following example.
we reorder the function components in problem (1,n,0) (see section
.1) such that the first (n-1) are linear and the last one is non-
ear, thus:

n
- (n+1) + X; + 2 X. 1= 1l,00.,n = 1,
n j=1

Fi(X)

Fn(X)

]
|
+
3
ke

n, this problem is solved by the program I and O and solution is re-
kably efficient. The difference between solving problem (1,n,0) and its

rdered analogue with the programs I and Oa is illustrated by table 7.19.
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TABLE 7.19

Influence of reordering function components
such that linear ones come first for the

programs I and O and problem (1,n,0)

program I program Oa
normal reordered normal reordered
s g Bg n ns nF ns nF
1 2.5 4 10 1 2.5 4 10
6 18 5 15 6 18 5 15
17 | 68 5 20 17 | 68 6 24
76 T 6 39 50 T 7 46
83 T 7 63 50 T 7 63
1 D 7 98 1 D 7 98

sason for this behaviour is that in the reordered case the linear
lents are treated first so that a much better approximation to the
on is used by the time that the nonlinear component is approximated.
:her programs use a method of vector-wise approximation so that re-

'ng does not influence the behaviour of the program.

However, program K has a mechanism for treating linear components

. The user may define the problem function as an underdetermined linear
n together with an underdetermined system of nonlinear equations. For
am K the number of nonlinear equations has to be at least two. The re-

of using this mechanism for problem (1,n,0) are given in table 7.20.




TABLE 7.20

Influence of the use of the feature
for linear components in the programs

Ka and Kb for problem (1,n,0)

program Ka program Kb

H normal |with feature normal with feature
o

: s Op s g s oy s Op
3 12 | 23 5 10 10 | 20 5 11
5 10 | 23 8 16 7 22 5 12
10 16 | 49 6 13 5 26 5 12
15 16 | 60 8 16 6 38 5 12
25 1 D 7 14 1 D 5 12

early, the reliability of the programs I, K and O is influenced by the

e of these features. When we assume that the user takes full advantage
these features, then we should do the same if we compute the reliability
these programs and we should replace the values for the programs I, Ka,
and Oa in table 7.17 by those given in table 7.21. We see from this

ble that program Oa is fully reliable if we give only one significant

git for these values. In fact, it failed only once by solving 40 diffi-
ltly solvable problems. As is seen from table 7.16 it failed to solve
oblem (12,4,0). This problem has a singular Jacobian matrix (rank 2) at

e solution.

TABLE 7.21

liability for some programs if special features are used.

R Z(R,T‘S‘,w;1 Z(R,Tj,‘yg) zx,14,v9)
I 0.9 0.5 0.8

Ka 0.9 0.7 0.8

Kb 0.9 I 0.9

Oa 1 1 1
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ast remark about the behaviour of the programs which is induced by
xperimental results is concerning the failure detection of the pro-

. Most of the programs do only generate an error exit if the matrix

e linear system appears to be (numerically) singular. Sometimes, step
control (program B and D) or a resetting mechanism (program N) gives
sibility to detect divergence or convergence to a stationary point

is no solution, so that an error exit can be generated. However, we
rom the tables 7.15 and 7.16 that rather often the program has to be
1ated by the user by choosing some upper bound for the number of func-
svaluations. Sometimes, this facility is built in in the program, So
the best results obtained so far are given as output, Héwever, in
cases the user himself should build in a jump out of the program by
iming the function in such a way, which is very undesirable.

cher case, the user has to choose some upper bound on the number of
lon evaluations or iterations without having any reasonable idea about
(nce this depends heavily on the method used and the problem to be

1.

We feel that good failure exits are essential for a good program,

¥, we do not judge the given programs on this criterion in this

[CLUSIONS

eneral remarks

As we mentioned before, the method of choosing a program for solving
'em of nonlinear equations will usually be a method of trial and

as long as we do not know whether the problem is easily solvable.

T, with the results given in section 7 we feel that we can give

er reliable information about what program he should try first and
fails what will be the best to try subsequently and so on. We dis-
sh between the six classes of problems Wsl’ WSZ’ WQ]’ le, WZ3

4 defined in section 5.1 and we assume that the user is not able to

ine whether his problem is easily solvable or not. Our method of

ng is as follows:




—first of all drop all programs that are not reasonable (see
section 7.1); these are the programs B,D,Ga,Gb,Jb,Ka,L and Ob;

—then the most efficient program in ALGOL 60 and FORTRAN is chosen;
if two programs are equally efficient, then the most reliable is
chosen; (we use Z(R,Td,Wd) from tables 7.18 and 7.2)) ;

—-as the next choice we take the next efficient program whose relia-
bility is higher than the reliability of the program that is chosen
first (for both ALGOL 60 and FORTRAN);

-we repeat this process until we do not have any choice any more;

-we will not use program C if program A can be used more efficiently
and vice versa, since these programs are the same, except for the

use of an analytical or approximated Jacobian matrix.

ence, we obtain for a certain class of problems a sequence of programs
n ALGOL 60 and in FORTRAN. So, all the user has to do is to determine in
hich class his problem should be placed, to read the conclusions given
bout this class and to try and solve his problem with the programs in the
rder given. Only if he is not interested in efficiency he should choose
he last program of the sequence of programs in the language he uses,
ince this is the most reliable one.
he conclusions are based on the assumption that the user makes use of
he features of some programs mentioned in section 7.4.2 if one or more
f the function components are linear.

Furthermore, it is obvious that we assume that the programs are
sed in the form as described in section 4.
o simplify our conclusions we do not distinguish between programs Na
nd Nb. There is always a slight preference for program Nb.
or convenience we say that a cheap Jacobian is available if the user can
upply analytical derivatives of the function and the evaluation is about
s expensive as one evaluation of the function or cheaper. Furthermore,
e formalize the notation of the sequences of programs as follows:
semicolon between two programs means that one should try first the
rogram mentioned before the semicolon and if it failed then one should
ry the program behind the semicolon; an or-symbol (v) between two pro-

rams means that there is no preference between these two programs,




ser should try one of them. So we end up with the foll

for the various classes of problems.

solving small cheap problems (Wsl in section 5.1)

Programs in ALGOL 60 : Av CVv I

3

A can only be used if analytical derivatives are avai

Programs in FORTRAN : Oa.

jolving small expensive problems (‘PS in section 5.1)

2
Programs in ALGOL 60 :
heap Jacobian is available then: A, otherwise: H; I.

Programs in FORTRAN : Oa.

sjolving large very cheap problems (WQI in section 5.1)

Programs in ALGOL 60 : Av C ; I

A can only be used if analytical derivatives are avai

Programs in FORTRAN : Ja ; Oa.

'olving large cheap problems (WEZ in section 5.1)

Programs in ALGOL 60 :

‘heap Jacobian is available then: A,

Tise:

defined by (7.1.1.7)) is about 1 or less then: F ; C

ise: H ; F ; I .

Programs in FORTRAN : N ; Kb ; Oa.

olving large expensive problems (WZ in section 5.1)

3
Programs in ALGOL 60 :

heap Jacobian is available then: A,
ise, if o is about 1 or less then: H ; F ; I ,

ise H ; I.




Programs in FORTRAN :
! a is about 1 or less then: N ; Kb ; Oa ,

‘herwise: N ; Oa.

7. Solving large very expensive problems (Wg4 in section 5.1)

Programs in ALGOL 60 :
! a cheap Jacobian is available then: A,

cherwise: H ; I .

Programs in FORTRAN : N ; Oa.

8. General conclusions

We see that the following programs in ALGOL 60 are useful for havin

railable (for instance in a software library):

A, C, F, H, I.

icept for A and C (both Newton's method) they are based on different typ
" algorithms. Program F is based on the secant algorithm, program H on t
lasi-Newton algorithm and program I on a method of component-wise approx
ition. As far as programs in FORTRAN are concerned it is sufficient to

lve available:

Ja, Kb, N, Oa.

:re again we have Newton's method (Ja), a secant method (Kb), a quasi-
wton method (N) and a method of component-wise approximation (0Oa).
le comparison of the programs in ALGOL 60 indicates that it might be use
11 to have a FORTRAN-version of program A.

Furthermore it should be noted that translation of the programs K
«d N in ALGOL 60 may change the picture and the modifications in Oa re-

itive to its analogue in ALGOL 60, program I, seems to be worth while.
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PPENDIX

In this appendix we give source texts of some programs which have
zen changed with respect to the text given in the references. Some of
rem are already adapted to the software library NUMAL [39]. Some other
rograms are changed. We give these texts, mainly to show what source
exts are tested. Therefore, source texts of programs which are not
hanged by us, can be found in literature and we did not list those here.
urthermore the source texts of the subroutines NEWI (program J), NONLIQ
program L) and QNWT (program M) from the MSL software library are not

isted since they are not available.

Since some of the programs in ALGOL 60 make use of procedures de-
lared by code numbers, we will give a short explanation of their perfor-

ance. Detailed descriptions and source texts are given in NUMAL [39].

zal procedure vecvec(l,u,shift,a,b) ;
vecvec delivers the inner product of the vectors given in

a[ 1:u] and b[1l+shift : u+shift].

2al procedure matvec(l,u,i,a,b) ;
matvec delivers the inner product of the vector given in

b[l:u] and the row-vector given in ali:i,l:u].

2al procedure tamvec(l,u,j,a,b) ;
tamvec delivers the inner product of the vector given in

b[1l:u] and the column-vector given in a[l:u,j:j].

rocedure dupvec(1l,u,s,a,b) ;

dupvec duplicates the vector given in b[l+s : u+s] to al[l:ul.

rocedure elmvec(l,u,s,a,b,x) ;
elmvec adds x times the vector given in b[l+s : u+s]

to the vecor given in all:ul].

rocedure elmcolvec(l,u,jsa,bsx) 3
elmcolvec adds x times the vector given in b[l:u] to the

column-vector given in all:u,j:jJ].
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gsssol(a,n,aux,b) ;
gsssol solves the linear system of order n, whose matrix is
given in all:n,!:n] and whose right-hand side is given in
bl 1:n]. The solution is overwritten on b[I1:n]. The matrix
elements are overwritten. In the auxiliary array aux one
should give in aux [2] the precision of arithmetic and in
aux [4] some controlling parameter (advised value 8). The

rank of the matrix is delivered in aux [3].

carameter lists of the tested procedures in ALGOL 60 are made as uni-—

ly as possible. The parameters have the following meaning:

n

X

f

ict

in

ut

13
2

®
e

order of system ;

the initial guess as input and the solution as output ;

the functionvector; on exit the functionvector at the calcu-
lated solution ;

a boolean type procedure;

boolean procedure funct(n,x,f) ; the parameters have the same
meaning as above and the program is terminated if the proce~
dure delivers false for some argument vector ;

a procedure for calculating the Jacobian matrix ;

procedure jacobian(n,x,f,jac,funct) ;

the Jacobian matrix is delivered in jac[l:n,1:n] ;

the other parameters have the same meaning as above ;

some auxiliary array to provide tolerance and values for
control parameters (input) ;

some auxiliary array in which some by-products are delivered;
For the programs E up to I out [5] # 0 means that no solution
is found; for the programs A up to D out [6] # 6,4 means that

no solution is found.

: the given texts are not really intended for use, but only to vali-

our conclusions and to show what changes are made to the original

e texts, we assume that the short description above will be suffi-




IMMENT#® NEWTONS METHOD, PROGRAM A OR C3

'0CEDURE®™ PROGRAM A(N, X, F, FUNCT, JACOBIAN, IN, OUT)
LUE" Ny "INTEGER®™ _Nj

'RAY* X, F, IN, OUTy

IOLEAN® ®PRQCEDURER FUNCT;

'0CEDURE® JACOBIAN,

'GIN® "INTEGER"™ TEXT, IT, ITMAX, FEYAL, FEVALMAX)
"REAL® RN, RE_TO_LPAR, ABSTOLPAR, ABSTOLRES, STAP, NORMX;
"BOOLEAN® TESTTHEy . . .
wWARRAY® JAC[13N & 1,18N), SOL[1 8 NJ, AUXIL t 7]

"REAL""PROCEDURE" VECVEC(L, U, SHIFT, A, B); "CODE" 34010y
"PROCEDURE® DUPVFC(L, U, 8, A, B)y “CODE" 31030y
"PROCEDURE® ELMVFC(L, U, S, A, B, X)3 "CODE®~ 340205
"PROCEDURE" GS58SoL (A, N, AUX, B)s #CODE® 342329

"BOOLEAN""PROCEOURE® LOC FUNCT(N, X, F)y
?VAkUEf Ny_"INTEGER" Ni "ARRAY® X, Fy

“BEGIN® LOC FUNGT¢s TEST THFi1s FUNET(N, X, F)
~ WAND® TEST THFy FEVALi=m FEVAL ¢ 1

"END® LOC FUNCT)

ITMAXye FEVALMAXtm IN[4]s AUX([2)se N & IN[O)9,
AUX([4)¢s gy RELTOLPARi® IN[1] #» 29 ABSTOLPARy® IN[2] #x 2y
ABSTQLRESgm IN(31 #a 2y TEXTi® 83 TEST THF1s "TRUE")
8TAP3g OUTI1]s8® guUT ISl s OYTi7is= 03
PUNCT(N, X, 80L)s RNt® VECVEC(1, N, 0, 8OL, SOL)s
OUT(3) 3%, 8QRT(RNy; FEVALm 19 ,
"FOR® ITtg 1, IT & | "WHILE® IT «a ITMAX "AND®
_ FEvaL < FFVALMAX ®DOQ®
"BEGIN® OUT(S)im [Ty JACOBIAN(N, X, SOL, JAC, LOCFUNCT);
"IF# SNOT® TEST THF "THEN®
"BEGIN® TEXTgg 33 "GO TO® FAIL WEND",
GSSIOL(JAC, N. AUX, 8OL)j _
"IE® AUX(3) " N "THEN®"RBEGIN" TEXTe= 13 "GO TO" FAIL "ENC
STaPss VECVEC(¢), N, 0., SOL, S0L);
NOBMXsg VEGCVEE(l, No 0, Xo X)g,
"IF® $TAP > RELTOLPAR x_NORMX 4 ABSTOLPAR
_WOR® IT 8 { "AND" 8TAP > 0 "THEN" i
"BEGIN® ELMVEC(L, Ny 0, X, 80L, = 1)3 FEVALS=3 FEVAL + 13
»IF% ANOT® FUNCT(N, X, F) "THEN"
"BEGIN® TEXTi® 29 "GO TO" FAIL "END"s
RNts VECVEE(1, N, 0, Fo F)1
"IFw RN <@ ABSTOLRES "THEN"
WBEGIN® TEXT)s 43 ITMAXgs IT _"ENOD"
RELSE™ DUPVEC(1, N, Q, SOL, F)
"END® JTERATJON AND TESTS "ELSE"
"BEGIN® TEXTgm &3 ITMAXgm IT "END"
"END" OF ITERATIONS;

IL ,
OUT (1) 38 SORT(STaP); OUT(213m SQRT(RN); OUT (4] tm FEVALS
OUT(6) ¢® TEXTg OuT(8I 88 AUX(3]; oUT(9) 3= aUXIS)

ND® PROGRAM Ay




NT® NEWTONS METHOD WITH STEP SIZE CONTROL, PROGRAMS B A}
.DURE" PROGRAM Aa(N, X, F, FUNCT, JACOBIAN, IN, OQUT)y

" Ny ®INTEGER® _Ns

' X, F» INs, OUTs .

JAN" WPROCEDYRE® FUNCT;

.DURE® JACOBIAN,

| 'INTEGEB” I,_Jn INQQ MIT; TEXT,

s ITMAX, INRMAY, TIM, FEVAL, FEVALMAX;

tEAL® RHQ, REBi. RES2, RN, RELTOLPAR, ABSTOLPAR, ABSTOLRE
STAP'NORMxi . .

IOOLEAN® _CaMy. TESTTHF, DAHPING ON; ‘

WRRAY® JaClieN ¢ 1,18N), PR, FU2, SOLI[1 ¢ NI, AUXIi & 71

t!ALé“PROCEDUREﬁ VECVYEC (L, U, SHIFY, 4, B); “CODE" 340i0;
'ROCEDURE® DUPVFC(L, U, 8, A4, B)s #CODE" 3{030;
'ROCEDURE® ELMVEC(L, U, 8, A, B, X)s "CODE® 340203
'ROCEDURE® GSSSnL(A: N, AUX, B)s "CODE® 34232;

OOLEAN"®PROCEDURE® LOC FUNET(N, X, F)g

'ALUE® Ny #INTEGER®™ Ny PARRAY® X, Fy

EGIN" LOC FUNCTi® TEST THFE FUNET(N, X, F)
"AND® TEST THFs; FEVALis FEVAL ¢ 1

ND® LOC FUNCT;

MAXi® FEVALMAX:® IN[4)y AUX([218® N » IN[OJs TIMzs INIT]
X[4)18 gs RELTOLPARgz INT{) 2w 29 ABSTOLPaARg=® IN[2) #x 2
STOLRE8ss INI31 =% 27 INRMAXe® IN([6];

PVEC(l. Ny, 0o PR, X)g ..

XTys By MJTee ny TEST THFgm “TRUE; |

821 STaPgm OUTIi)§® QUTISIs= OUT(7]:e 0¢

NCTIN, X, 80L)s RNis VECVEC(1, N, 0, SOL, SOL)3

T(3138 SORT(RNy; FEVALs® {; DAMPING ONis #FaLSE";

OR* ITim 1, IT + | "WHILE® IT <8 ITMAX "AND®

JFEvVal < FEVALMAX "Do¥

EGIN® QUTIS1es [Ty JACOBIAW(N, X, 80L, Jac., LOCFUNCT);
"IF® % TEBT THF "THEN®

"BEGIN® TEXTig 33 ®GO TO® FAIL REND¥;

G8380L ¢JacC, N, AUX, SOL)y,

"IF® AYX[3] Tp N *THEN®

"BEGIN® TEXTim 1 "GO To® FAIL »END®

$TaPim _VECVEC¢§, N, 0, $0L. 80L);

RHQ3® gy NORMxg® VECVEC(1, N, 0, X, X)g

"1F® 874P_» RELTOLPAR » NORMX & aBSTOLPAR

%OR® 1T = { PAND® 8TAP » 0 "THEN®




GIN®WFOR" TNRgs 0, INR ¢ |
~WH1L5~~IF~ INR & { #THEN" DAMPING ON "QRw RES2 >z RN
"ELSE" ¥ CONV "AND® (RN <= RESj "OR" RES2 < RES{) "DC
"B!GIN"COMMENT' DAMPING STOPS WHEN
RO_> R{_ WAND® Ri <= R2 (BESY RESULT IS Xi, RY)
NITH X1 2 X0 ¢ I 4 DX, I’. 1s 25 .25, .125' ETC. H
RHOl! RHO ¢/ 23 "IF® INR » Q "THEN"®
"BEGIN® RESi1s REB2s OUPVEC(i{, N, 0, F, FU2)}
DAMPTNG ONt= INR » |
'END"
"POR® J3s | "STEP# { "UNTIL" N "pOw
. PRIILg® X([I) e RHO « §0OL(I1,
TEST THFg® FUNCT(N, PR, FU2)} FEVAL:: FEVAL + 13
WIF® UNAT® TEST THF ®“THEN®
YBEGJN" TEXTi= 23 *GO TO® FAIL "END"
RES2:® VECVEC(la N, 0, Fu2, FU2)s CONV:I INR >3 INRMA
"ENp® DAMPING OF STEP VECTOR;
WiFn CONV WTHEN®
"BEGINPWCOMMENT® RESIDUE CONSTANTy; MITg= MIT ¢ 13
nIF® MIT <« TIM "THEN® CONVga ®"FALSE"
"END" "ELSF" MITis 0
"IFn INR > | "THEN®
"BEGIN®™ RHOgs RHO « 2; ELMVEC(i, N, 0, X, SOL, = RHO);
RNg=2 RES1s "IF¥ INR > 2 "THEN" OUT(7)tas IT
'END"'ELSE"
"BEGIN™ DUPVEC(1, N, 0, X, PR)s RN3=z RES2j
. DUPVEC(10 Ne 0, F, FU2)
"END"]

"IF® RN <& ABSTOLRES #THEN®

"BEGIN® TEXT:I 4y ITMAX3s IT WEND®"ELSEn
WIF® CONV "AND® INRMAX » 0 nTHEN®

"BEGIN® TEXTis S3; ITMAXj=m IT_*END"

"ELSE® DUPVEE(1i, N. 0, SOL, )

D" ITERATION WITH DAMPING AND TESTS "gLSEw
IN' TEXT:- 63 RHOg= 15 ITMAXgs IT #END®

OF ITERATIONS;

j& SORT(STAP) # RHO; OUT(2) ;s SQRT(RN)y OUT([4)i®m FEVAL)
13 TEXTy OuT(a) e AUX[3]; OUT(9)ss AUXLS)
RAM B




T" NISCRETIZED NEWT
URE» PRQGRAM EfN, X
N1 _"INTEGER" Nj "A
N® "PROCEQURE"_FUNC
T" ALGORITHM 378 FR
YSTEM OF NONLINEAR

L" WPROCEDURE® VECY
EGER"” "PROCEDURE® WN
UE® N, He W, EPSy "
AY" Y, 23

IN® WINTEGER® M, I,
ARRAY" A 11 & N, |

PROCEDUREY GSSSOL (
CODE" 34232

PROCEQURE® _ GAUSS (U
SEGIN" AINTEGER® I,
"EOR® 11 1 ﬂsTEP
'BEGIN” HY [7l:m
”FDR” Jlﬂ 1 %8
"DOR HA sr, J1
"END®; AUX (2188 *
GgssoL(HA. U. AUX
";F“ aUY (3] < U
EOR' Tse | RSTEP
END# g
’RO;EDUREW FC(X,F)s
ARRAY® %, Fg

HOD OF PANKIEWICZ, PROGRA
UNET, 1IN, OUT);
Xo Fp IN, OUTS

M BY W, PANKIEWICZ, ALGOR
ONSs

18,4,8)y "CODE® 34010
(N, Hy, d, EPSs Y, Z)
R® N3 "REAL® H, W, EPSy

EAL® ALPHA, Ry "BOOLEAN"
£, V 01 8 NJo AUX[L:T7)3

AUX: B)s

Y3 "INTEGER® Ujs wARRAY" A
RRAY® HA i1 8 Us 1 38 U,
NTIL® U ®pQ
U ¢ Llg

BUNTIL® U

1, Ji
UXfales 8¢

"GOTO® ERROR} ,
NTIL® U *DO" Y [1lis HY




YBEGIN®" CN
"IF" cN
"BEGIN'
HIFH
"GOTOR

"END® FCy

Mis o)

’OCZATEKx Bie

"FOR® 1ty

"BEG:N" A
Byis B1

"END® 3

"IF® By ¥

"FDRn I:a

"BEGIN" Ri
"FOR® K
Y (I)zs

"ENDw g

GAUSS (N,

"FORn Iis

"IF" ALPHA

"FQOR® Ill

"DO" Y t;l

MiZ M. ¢ 13

"GOTo" PqC

(ONIECs NIELI
iLARH; NIELIN
RRORg NIELIN
\LPH1 NIELIN}
INDS QUT (413
'TEND® NIELINS

"INTEGER® TEL
lUTKﬂlllO}
‘ELs® CNTs® 0
ATg ITres NI
'EL1® TEL v 1
'IFY (ITT 8 o
'THEN® #6QTQ"
'IPe ITE > 0
WY (118 8QR
T (21,- 80R
T 6] s TEL
" PROGRAM Eo

Y]
;4) PTHEN®
Ni®m = 43 "GOTO" END
(N, X, F) "THENW

EPy  FC(Y,2)3

P 1 "UNTIL' N ®pQOw
+ 1118 Ry 2 11y R
R ¢« EPS;

*GOTO" KONIECS

pe HUNTILH N "DDH
lg Y [Ilse R ¢ Hy F
STEP™ | "UNTIL® N *

ALPHAg=® {3

P { WUNTIL® N #pOw
THEN® "GOTQ" ALPMp
PR { BUNTIL® N

I e V [I1 » ALPHA

"GOTO® END3
§ "GOTO" END;
3 *GOTO® ENDj

QUT 4] g
17T

No IN {91, IN (10),
# 17T B = 3) RAND®
e )

0yt (S1sse 0 "ELSE"

VEC (1, N, 0, Xo %)
VEC (1, N, 0, F, F)

(R)s

)1
K, I1s= 2 4

ts ALPHA = V
8 H /7 ALPHA;

a W§

Vo Xo F)3

3

1380177y
{3138 CNTy




'COMMENT® MODIFIED GENERALIZED SECANT METHOD. PROGRAM F,
'PROCEDURE" PROGRAM F(N, X, F, FUNET, IN, OUT);
'VALUE™ N3 "INTEGER" N3 "ARRAY" X, F, IN, OUT}
'BOOLEAN® "PROCEDURE® FUNCT) . .
'COMMENT® ALGORITHM {2 FROM COMPUTING BY H, SCHWETLICK,
LGOR 12 SOLVES A SYSTEM OF NON LINEAR EQUATIONS;
'BEGIN® B . v
nPROCEDURE® FU (N,X,Fa)s "VALUE® Ny SINTEGER® Ny
"ARRAY"™ X,EAp
"BEGIN® CNT7s8CHTels .
"IFn ENT > IN[4) "THEN® "BEGIN® OUT(S] 184y "GOTO" L4 "END"j
"IF" TFUNCT(N,X,FA) PTHEN® "BEGIN® QUTES) g=5; "GOTO" Lu "END";
END® FUj; | - :
"REAL " "PROCEDURE" VECVEC(L,U,S,A,B)s “EODE® 34010,
"REAL" RES; "INTEGER™ CNT,IT,I; ®ARRAY® Y [{iN];
*3WITCH® DyvssLi, L2, _L3; . .
"PROCEDURE® REGULA(D,FU,EPS,PIVOT,IMAX) TRANSE (X,Y) EXITi (DIV);
"VALUE" D,gPS,PIVOT, IMaX ;s
"INTEGER® p,IMAY;
"REAL" EPS, PIVOT;
"ARRAY® X,y
*PROCEDURE® FU,
"SWITCH® O1Yy . _
SBEGINY WINTEGER® I,J.K,L.P,Q,NR,KMAXS
"REAL® G,H;
"BOOLEAN® TEST: _ i
"ARRAY® FF[130],DEITAC18D,12D)5
"INTEGER® ®ARRAY®" PERMI{3D];
"COMMENT® BESTIMMUNG VON KMAX;
Kg= 03 Hi® 03 Gs® IN(1.618033989)/D;
"FOR" Kys Ksl "WHII'E" G > H wDO" _ A
"BEGIN™ Hge Gy Gis LN((SORT((K+2) » 545) & Kel) % 0,5)/(KeD)
"END® Ky .
KMAX18 ge2s
FUCDoXoFYs . _
"COMMENT® ITERATIONSBEGINN
"FOR™ Lgg § #STEP® | WUNTIL® IMAX #pow

BIBLIOTHEEK MATHEMATISCH CENTRUM
——AMSTERDAM




" WCOMMENT" HERECHNUNG DER STEIGUNG DELTA;
!w Kis D "STEP" el "UNTIL" i *pO*
-IN" Gty YKy = X (K] X(K)t® Y (K]}
*UtDaX,FF)p TESTI® *PTRUE";
i' "FOR" Ig' 1 HSTEPI ‘ "UNTIL® D "pO"
'QEGINM Hgm FFII] o Fl1)s
"IF" ABS(M) ¢+ ABS(G) ® ABS(H) "THEN"
"BEG;N' "EQMMENT® KORREKTUR VON X3
"IF" ® TEST WTHEN®
'aEGIN' OUY(alsaL; "GOTO" DIVI([1) “END"y
Gisy[K) = EPS ¢+ EPS =« EPS; XI(K)t2X([K)=G; FU(
X(K)t= YIK]g TESTs= "FALSE®"; "GOTO"™ CORR
WEND® KORREKTUR;
DELTA(I.K!:: H/Gy Frllgs FEILI)
'END® 1
yn Ky
'MENYn DREIErKZERLEGUNG VON DELTA}
tn K;s { "STFP® { MUNTIL® D "DO" PERM(K]i=z K3
!n P:- { WSTEP® { WUNTIL® Dei "DO"
vIN” H:l 03
'FOR¥ Kim P RSTEP" | "UNTIL® D "DO"
'BEGIN® Gis ABS(DELTA[K Pl)s
"IER G > H "THEN"
“BEGIN' Him Gs Qt® K "END™
'END"™ PIVOTSUCHE}
'xr" H. < ABS;PIVOT) ATHEN®
aEGIN" OUT (4l ssL; "GOTO® DIV[2) "END"j
lgss PERM[Q) y His {/DELTA([Q,P) .
'FOR® Kys | WwSTEP™ | 'UNTIL" D #DO® FFIK])s= DELTA [
gm0y .
:OR" 118D "STEP" of YUNTIL® p ®pO*
BEGIN® "IF" I3Q "THEN® "GOTO" WEITER,
"FOR® Kim1 "STEP® | RUNTIL® Pej "DO"
OELTALJ. K1 28DELTALI,K) g
Geias DELTAIJ,P);® DELTA(I,P1 ® Hyp
"FOR® Ki3® P+1 "STEP® { ®UNTIL" D ®pO"
DELTA[J K1 §m DELTALT,K] » FP(K] « Gy
PERM(J]1 t® PERM[I)s Ji® Jeiy




WEITER: "gND* I, A
"FOR" K;® 1 WSTEP® § "UNTIL" D "DO"™ DELTA(P,Klts FF (K]}
PERM(P] 38 NR
"END® P,QREJECK7ERLEGUNG;
"COMMENT®» STUFENITERATION,
"FOR® Jigy_ 0. "STEPY § "UNTIL"™ KMAX_%0O"
"BEG;N“ ﬂIF' T » 0 "THEN® FU(D,Y, Fs
"gQR® Kaa 1 wSTEP® | YUNTIL® o *DO*
"BEGIN® Jim PERMIK]j; FF[K]gm F(J)
"END" K, PERMUTATION DER RECHTEN SEITE)
'cOMHENT” ELYMINATION DER RECHTEN SEITE;
"FOR® Pgm 2 ¥§TEP® § WUNTIL® D "DO"
"BEGIN® His FFIPI
"FOR® Kim_i "STEP® § WUNTIL" Pe{ "DO" Hiz H = DELTA(P,
. % FF(K]s FFIPljm H .
"END® B, .
"FOR® Pge D RSTEP® wf WUNTIL® § #DO*
"BEGIN® Hip FFLP1;
'FQQ" Keg _Peol 'STEP" i PUNTIL® D "DO¥ His HeDELTAI[P,K]
. % FEIK1s FFIPi® H/DELTAEP,P]
"END® B, ELIMINATION DER R!CHT!N 8EITE:s
"cOHMer" ABBRUCHTEST;
RESIlSORT(VErVEC(laD 0.F.F))s TEST3e RES <= IN[1);
"FOR® Kgm 1 m§TEP® { WUNTIL® D »pO"
"aEGIg* His FFIK} 5 Ggs X(K)jm YIK]3 Ggs Y([K)t® GwHy
"IF® ABS(H) » ABS(EPS % G) + ABS(EPS) WTHEN"
 TE8Tis "FaALSE®
"‘ND' K
RiF® T!gT "THEN" "GOTO" SCHLUSS
"ENDN I, STUFENTTERATION;

"END" |,
OUT (4] 1gLeiy "GOTQ® orvrsz:
BCHLUSSs OUTI(2) 1s80RT (VECVEC (1,D,0,F,F))s OUT(4) 1sL

REND® REGULA}

"FOR® Jgs | "STEP"™ | AUNTIL® N #pO"
YEIDem X(T) & (1 ¢ INg81) ¢ IN(B)1 CNT3® 0}
REGULA(N, §U, IN[8], TN‘O]@ INTa}, X, ¥, DIV):
OUTISIgs 0, »GaTo" Ly
48 OUT(Sl3a | "GOTO* Ly
.28 0UT (5] s 2. "GOTO* Lug
.33 OUT(S) g8 39 "GOTOA Layg
48 OUTI1)s= SORT(VECVEC{ln Ny, 0, Y, ¥))s OUTI3)ts CNT
'END" PROGRAM Fy




IENT" METHOD OF DULLFY AND PITTE
Dy, PROGR4M G,
EDURE" PROGRAM G(N, X, F, FUNCT
Y" X, Fo INs, OUTs; "RQOLEAN" "PR
N* ®REAL® 'PROc!DURr* VECVEC(L,
'ROCEDURE® FS(F. X)3 "ARRAY" F,
EGIN® nIp® SEUNETIN, X, F) "THE
"BEGINm QUTIS)sm §y "GOTO® EX
CNTE® NT ¢ 13 "IF® CNT > IN(
"BEGIN® OUTIS) gz 4; “GOTO" EX
ND® FC3

NTEGER® ENT, ZOUNT; "ARRAY® ACC

ROCEDURE® NDINVT(FUNcTIONs INIT
ALUE® N3 _%PROCEDURE® FPUNCTIONS;
NTEGER® CYCLES,Ny "ARRAY® X,F,A
EGIN® mRpAL® WORK,SUMSQRES, PREV
"INTEGER® I,Jy
"BOOLEAN® suxtgn
"ARRAY" PREVF(1gN),COPYDELF (1}
AUX (13710
"PROCEDURE® GS8OL(4,N,AUX,B)
AUX (2] ss®eiQs AUX[4) 188 COUNT
FUNCTIONS(PREVF X)e
"EOR® ;.a i HsTEP' 1 RUNTIL® N
"BEGIN® X(I1js XII1 & INITSTEP
FUNCTIONS(Eo.X)y .
"FORe Jim | . NSTPP' 1 "UNTIL
"BEGIN® DELF(I,Jlis FLJ) o
"COMMENT® IF _THE REMARK
BE. INcORPpRATED. THEN TH
OELFIJ,1) 38 3
DELX[E,J188 0y
"ENDr DIFFERENCING INITIAL
DELXfI,11§s INITSTEP
X{Ilgm X(1) e INITSTEP;
"END® sgrrxnc UP THE INITIAL M

ASED ON GENERALIZED SECAN
OUT)s "VALUE" Nj "INTEGER

E" FUNCT)
A, B)y "CODE» 3401079

N s

RROR,CYCLES,X,F,ACCEST,N)
" INITSTEP,ERROR}

SDELX,DELFI1sN, 1IN,

342321
JM8QRES 81 "30

Jn
Il

DERGRAFT aAND MESZTENYI SH
STATEMENT SHOULD START W

I POINTS,




'ATES |
IWITCHig "TRUE";
'REVRES ;= SUMSQRES,
sG‘INt )
'FOR® Ijs | WSTEP®" | WUNTIL" N »DOW
'BEGIN® F(I]ts PREVF[I]j
"FORm Jgm | "STFP® { "UNTIL" N "pO® COPYDELFI(I,J)ss DELF(I,J
'END® COPYING DELF FOR DESTRUCTIVE USE IN PROCEDURE EGQNSOLVE)

iSSOL(COPYDELFoNsAUXsF) 3 "IF" AUX[3) <N "THEN® ngOTO® INLINE
'UMSQAREgs® 0}
'FOR® I3m { ®§TEP® { WUNTIL® N ®#DO¥
‘BEGIN® WORKsm Q1 . .
"FOR® Jis § "STFP® 1 WUNTIL® N ®pow ,
WORKys WORK o DFLX[I,J] % FUJ)) ACCESTII]ts WORK;
X{1);= Xf1i ¢ WORKj
SUMBQRES;= BUMSORES ¢ WORK & WORK
END® CALCULATION OF NEXT POINT;
OUNT3® COUNT ¢ 13
UNCTIONS(F X)s . .
IF® COUNT > CYCLES PTHEN® "BEGIN® OUTIS)3;s3; "GOTO" EXIT "END"
IF» SUMBORES < ERROR & ERROR PAND®
(ERROR » 0 *pR" SUMSQRES > PREVRES) "THEN"
BEGIN® OUT([5)80s RGOTO"™ EXIT WEND"
FOR® Tym { wSTEP® | WUNTIL® N %DO®
BEGIN® WORKie FII1 e PREVF (1]}
PREVF(1]se F (11, .
"FOR® Jta N "S$TEP® ef "UNTIL™ | »pO®
"BEGIN® DELX(I1,J¢1)88 DELX(I,J] « ACCEST{Il;
ODELFIX,J%1188 DELFII,J] = WORK_
"ENOn CALCULATION OF NEW DIFFERENCES;
DELX (1,118 oACCESTII];
DELF(I,1)e8 «¥ORK
END® MgVING POINTS UP ONE PLACE IN TABLES:
GOTO" ITERATE)S
NE - .
FOR® Igs { WETEP"™ | "UNTIL® N "DO"
BEGIN® DELX(I,N)3e DELX[I.Ne1l;
DELF(I,Nyeg DELFLI,N#1)
END® pzsiARD;NG AL TERNATIVE POINTg
WITCHeg. ~ SWITCH; )
IF" SHITCH PTHEN® QUTI(S]3=) "ELSE® »GOTO" TRYAGAINj
i .-
¥ NDINyTs

® 03 NDINVP{FC, INIB1, IN(21, IN{4), X, F, ACCEST, N)j
Tli)lsm BORT(VECVEC(1, No 0, ACCEST, ACCEST));

3148 CNTs OUTE213s SQRT(VECVEC(!, N, 0, Fo F));

4l s COUNT

ROGRAM 63




'COMMENT » GUAsI-NEHToN METHOD OF BROYDEN, PROGRAM H;
PROCEQURE® PROGRAM H(N, X, F, FUNCT, IN, OUT);
VALUE™ N; "INTEGER" Nj 'ARRAY" X, Fo INs, OUTy
BOOLEAN® "PROCEDUREn FUNCT)
BEGIN® ';NTEG!R" I, Jo FCOUNT, MAXF, EBRR, 1T,
"REALN Sa, TOLRES, RELTOL, ABSTOL, RFS;
"ARRAY® Y, P, VI1gNl, HI1EN,1IN)}
"SWITEH" LABELS= LB, LB2, LB}, LB4, LBSy

"REAL® "PROCEOURF® VECVEC(L, U, S, A, B)s "CODE" 3401
"REAL» "PROCEDURF® MATVEC(L, U, I, A, B)3 "CODE» 3401
"REAL® "PROCEDURF® TAMVEC(L, U, 1, A, B)s "CODE® 3401
"PROCEDURE® DUPVFC(L, U, S, 4, B)y "CODE" 31030,
"PROCEDURE" ELMVFC(L, U, 8. A, B, X)s "CODE® 340201
“"PROCEDURE® ELMCOLVEC(L, U, 1, A, B, X); "CODE" 34022

"PROCEDURE® STEP{TP1, TP2); "VALUE" TP1, TP2;
*INTEGER™ TP1, TP2s
"BEGIN" ";NTEGERH 1 "REAL" 88By ®ARRAY" SB(1gN)}s
ELMVEcgl. N, 0, X, Po 1)
DYPVEGf1, N, Qg Vs F)3 FUNCT(N, X, F)3
FCOUNTs=g FCOUNT ¢ 1
DYPVEC (1. Ny, 0, Y, F)3_
ELMVEC(). N, 00 Yy Vo =1)3
"EOR" Igs | wSTEP® § YUNTIL® N =DO®
"BEGIN® SBB:- 88(I1ss MATVEC(1, N, I, H, Y)3
Vilit= SRB e P[]}
RENDH
86'3VECVEC(1. N, 0, SB, P)y
PIF" SA 8 0 STHEN® "GOTO" LABEL (TP2]
"FOR® Tie | #STEP" { WUNTIL® N ®DO"
ELHCOLVEC(I: N, I, H, vV, oTAMYECC1, N, I, H, P
) /7 8A)
"END® STEPS
RELTOLt® INf1]s ABS8TOLg® IN[2)s TOLRES:is IN([3)}
MAXF:; INtaY g
FUNCT (N, X, F)1 FCOUNT:® 13 ITi® ERRi® 03
"FOR® f3® { "STEP® | "UNTIL" N "Do"
"BEGI W P[Illl 0y H(Illlll 18
"FOR' Jim I + 1 "STEP® | "UNTIL" N #DO"
Hil,Jlte H{J. 1138 0
"END" 1NITIALIAZATION3
*FOR" Jg= { "8TEP™ | "UNTIL®™ N *DQ®
"BEGIN" P[Il:: "eb % ABB(X(I)) + "ei03 STEP(S5, 4)j
Ptllip
"END® ¢ALCULQTION OF INITIAL ITERATION MATRIX;
EPEATS ITze 17 ¢ 13
"FOR® 1= { 'sTEP' { PUNTIL® N "DO"
PiIlig MATVEC(L. N, I, H, F)3
STEP(3, 2))
RES" SQRT(VECVEg(ll Ne 0, Fo F))3s
"IF® SQRT(VECVECt1, N, 0, P, P)) <
SQRT(VECVEEL(1, N, 0, X, X)) ¢ RELTOL ¢ ABSTOL "AND"
RES < TOLRES “THFN” "GOTO® EXITs
nlFe FCDUNT « MAXF ®THEN® ®GOTO" REPEAT,
Big ERRx- ts ®GOTO™ EXITs
B23 ERRys 51 "GOTO" EXITg
B3: ERRg= 29 ®"GOTO® EXIT;
B4y ERRys 63 "GOTO" EXIT)
BS3 ERRig_7) "GOTO™ EXIT;
X1Ty OUT(})1s, SORT(VECVEC(;. N, 0, P, P))s OUT(2)tam RES;
OUT (31 g8 FCOUNT; OUT(4) = ITs OUT(S)s® ERR
END" PROGRAM My




gM:ENT' BROWNS METHOD OF COMPONENTeWISE APPROXIMAT

GRAM I

ROCQOUR!" PROGRAM I(N, X, FA, FUEOM, IN, OUT);

ALUE" Ny WINTEGER® Ny PARRAY® X, FA, IN, oUT)

OOL;AN' 'PRDCEQURE' FUCOM;

0MH§NT“ ALGORITHM 316 FROM CACHM BY K M BROWN,
ALGOR 336 SO| VES A SYSTEM OF NON LINEAR EQUATION

EGIN" "INTEGER® I,J,K.M, TTEMP,J8UB,KMAX,KPLUS, TALL CNT,
MAXIT, ERR, FMAXj
"REAL® F,H,HOLD,FPLUS,DERMAX, TEST,FACTOR,PT,HCOE '

RELTOL, ABSTOL:
WINTEGER® WARRAY® POINTER([1§N,1iN],J8UB[1iN]}
"ARRAY® TEMP,PART[1{N],COE[SaN, 1oN & 135

'QEAL- -PROCEDUR!“ VECVEE Ly U, 8, 4, Bys PCODE™ [}
"PROCEDURE® DUPVEC(L, U, 8, A, B)j “CODE" 31030,
"PROCEDURE® ELMVEC(L, U, 8, Ay, By X)s PCODEw 340
"PROCEDURE™ RACK SUBST(K)j; "VALUE® Ky "INTEGER™®
"s!G}un IINTFG!R" KM, KMAX,J8UBy PREAL® XKMAX]
"EOR® KMgs K "STEPH © CMUNTIL® 2 "pOw
"BEGIN® KMAX3® ISUB[KM o {15 XKMAXim 0
"EOR® Jym KM _"STEP® { ®WUNTIL® N "pO#
"BEGTN® J8UBi® POINTERIKM,J]
XKMAXsE XKMAX ¢ COE[KM = 1,J8UB) » )
NENDN
erHAxl;s KKMAX ¢ COE(KM o {,N ¢ {1}
IEND'
"END® BACK SuBST;

”PROCEDURE” THEORFU(N, Ko Xy FJ3 PVALUE" N, Kj
xNTEGER“ Ng KB YREAL® Fp YARRAY" X
"BEGIN® CNTlp CNY ¢ 13 nIF® CNT » FMAX wTHEN®
"BEGIN" FRRi= 1; "GOTO® EXIT "END")
RIFw FUCOM(N. K, X, F) STHEN®
"BEGIN® FRRim 235 PGOTO" EXIT "END"; FALK) i3 |
"END® THEORFU;

RELTQLIU INttll ABBTOL:! INT2) s
FyAXgs IN([4)g MAXITss IN[4) ¢ 2 , N; ERRim CNTis
"FOR® Mis o | "STEP® { WUNTIL® MAX [T "pOv
"BEGIN® "FOR" Ji® | SSTEP® | WUNTIL® N %DQ"
POINTER[Y, Jass Jj
"FORP Kgm | "STEP® { WUNTIL®» N »DO"
"BEGIN® NIF" K > § "THEN® BACK SUBST(X);
) THEQRFU(N Ko¥,F)s FACTORt® "ely
AGAING TALL Y:B 0s
aFORA 138 K S8TEP® { 4UNTIL® N nDQ"
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END

”BEGTN" ITEMPi= POINTER(K,113 HOLDSte X{ITEMP]
His FACTOR « HOLDs; *IF" H = 0 "THEN" Hiz FACTO
xtITEHPls- HOLD ¢ Hj
"IF"™ K » { "THEN" BACK SUBST(K);
THEORFU(N,K,X,FPLUS) s
PTin PART(ITEMP)t- (FPLUS = F) 7 Hj
¥ (ITEMP] & HOLD;
"WIF" ABS(F / PT) » %20 "THEN" TalLLYs= TALLY +
"END"

"IF" TALL Y > N e K "THEN®

"BEGIN” FACTOR;I FACTQR ¢ 103
RIF" FACTOR > «S PTHENF
'BEGIN" ERRs= 43 »GOTO™ EXIT "END"j
"GOTO" AGAIN

"END#;

"IF* K. .8 N "THEN®

"BEGIN® "IF" ABS(PT) s 0 "THEN"

"BEGIN" ERRg® Sy "GOTO" EXIT wEND"}
HCOEs® 05 KMAXt® ITEMPs "GOTO® END K

"END":

KHAX;; POINTERIK,K) 3 DERMAXp= ABS(PART[KMAX]))

KPLUSs= K ¢ 13

"FOR® I3® K PLUS "STEP" { "UNTIL" N "DO"

'BEGYN" JSuBis POINTER(K,11; TEST3= ABS(PART(JSUB]
"IF" TEST « DERMAY "THEN®
POINTER[KPLUS,II:QJSUB "ELSE"

“BEGIN" DERMAXi® TEST; POINTERIKPLUS,I)s® KMAX
KMAXss JSUB
REND*®

"ENDW g

"IF" DERMAX 8 Q "THEN®

"BEG:N" ERR3s 3 "GOTO"™ EXIT ®"END"j

1SUB (K] j® KMAX: HCOEss 09

"FOR® Jgw KPLUS ®STEP® § PUNTIL® N *DO"

"BEGIN" JSUBts POINTER(KPLUS,J); PTi® PART[JSUB]
COE(K,JSUB1 38 » PT / PART(Knaxl,

3 HCOEt® HCOE ¢ PT a X (JSUB)

RENDR

K3 HCOE:- COE[K,N ¢ 1}tw (HCOE  F) / PARTI[KMAX] +

X [KMAX]

"END® Kj.
x;anxl;- HCOEy "IF" N » | "THEN"™ BACKSUBST(N)}
"IF® M B e | "THEN® "GOTO® JUMP;
ELUVEC(lg Ny, 0, TEMP, X, el)3
"IF® SORT(VECVEC(1, N, 0, TEMP, TEMP)) <«
8QRT(VECVEC(1, N, 0, X, X)) #» RELTOL + ABSTOL
"THEN® "QOTO" EXITy

JUMP1 DUPVEC(1: N, 0, TEMP, X)3

I!NDH M

Ouflllgs SORT(VECVEC(L, N, 0, TEMP, TEMP));
OUT(31¢m CNT,/ N3 OUT(S]Igs ERRy

OUT(4)sm "IF" ERR & 0 "THEN™ M ¢ 2 WELSE" M ¢ |
"END" PROGRAM I




